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Abstract: We propose a relation between the operator of S-duality (of N = 4 super
Yang–Mills theory in 3+1D) and a topological theory in one dimension lower. We
construct the topological theory by compactifying N = 4 super Yang–Mills on S1 with
an S-duality and R-symmetry twist. The S-duality twist requires a selfdual coupling
constant. We argue that for a sufficiently low rank of the gauge group the three-
dimensional low-energy description is a topological theory, which we conjecture to be a
pure Chern–Simons theory. This conjecture implies a connection between the action of
mirror symmetry on the sigma-model with Hitchin’s moduli space as target space and
geometric quantization of the moduli space of flat connections on a Riemann surface.
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1. Introduction
In the last 14 years there has been a lot of progress on the subject of S-duality of N = 4
super Yang–Mills theory (SYM). The conjecture [1, 2, 3] has passed many elaborate
tests, including those in the following list: the number of BPS dyons obeys S-duality
[4], the partition function of a topologically twisted theory is S-dual [5], and after a
supersymmetric compactification on a Riemann surface S-duality reduces to mirror
symmetry in the low-energy limit [6, 7]. The moduli space of mass-deformed N = 4
has been established to obey S-duality [8], the action of S-duality on operators has
been deduced for many local operators [9], as well as Wilson loops and ‘t Hooft loops
[10], it was demonstrated that low-energy states of the toroidally compactified theory
also obey S-duality [11], and a comprehensive framework for determining the action of
S-duality on BPS boundary conditions [12] has been developed in [13]. S-duality also
fits nicely within the framework of the AdS/CFT correspondence [14].
New insights on S-duality emerged from various sources: Witten’s conjecture [15]
that N = 4 SYM is the low-energy limit of a T 2 compactification of a six-dimensional
conformal field theory, the (2, 0)-theory, gave rise to a geometrical realization of S-
duality with simply-laced groups, and this has been generalized to other groups as well
[16]; M(atrix) theory [17] and its application to the (2, 0)-theory [18, 19] therefore led
to a conjectured S-duality invariant formulation of N = 4 SYM [20]. More recently,
new insight has emerged about the connection between S-duality and the geometric
Langlands program [21].
But S-duality still remains a mystery. What is required is an operator S that
transforms a state in the Hilbert space of N = 4 SYM to a dual state in the Hilbert
space of the dual theory. (The approach of studying the Hilbert space of a gauge
theory was a fruitful one in three-dimensions [22, 23] and also an interesting direction
in four-dimensions [24].) The operator S is directly related to the action of S-duality on
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boundary conditions, as defined in [13].1 In this paper we will attempt to gather new
clues about the nature of the operator S. We will argue that this operator is related
to a three-dimensional nonlocal topological field theory. We will also argue that under
certain restrictions a local topological field theory emerges. The physical questions
that define observables in this local theory are as follows. Suppose we compactify
N = 4 SYM on S1 (parameterized by a periodic coordinate 0 ≤ x3 < 2πR), which we
shall treat as (Euclidean) time, but instead of setting up periodic boundary conditions
whereby the quantum states of the system at x3 = 0 and x3 = 2πR are required
to agree, we instead require that the state at x3 = 2πR is the S-dual of the state
at x3 = 0. This is an “S-duality twist,” which is possible at certain special selfdual
values of the coupling constant. Our question now is: what is the low-energy effective
three-dimensional description of this theory? With a few additional modifications and
restrictions, we will argue that this is a topological theory, and we propose that it is
a Chern–Simons theory. Observables can then be constructed from Wilson lines that
are at a constant x3 and we expect them to reduce to Wilson lines in Chern–Simons
theory. The expectation values of these observables are related to knot invariants [25].
[For the rest of this paper, unless otherwise noted, x3 will be understood as a spatial
(as opposed temporal) direction.]
The paper is organized as follows. In §2 we construct the circle compactification
with the S-duality twist. We also introduce an R-symmetry twist in order to preserve
supersymmetry and reduce the number of zero modes, and we add restrictions on the
rank of the gauge group in order to eliminate all zero modes. In §3 we study the
S-duality operator from the Hilbert space perspective, and argue that a topological
three-dimensional action can be constructed from it. In §4 we take a detour to study a
related problem in two-dimensional conformal field theory. We discuss a σ-model with
target space T d at a selfdual point in moduli space, and show that compactification on
S1 with a T-duality twist reduces in low-energy to a 0+1D topological theory which
can be identified with geometric quantization of the target space. We then discuss a
possible generalization of this result to N = (2, 2) supersymmetric σ-models which are
selfdual under mirror symmetry. In §5 we return to four-dimensional N = 4 SYM and
describe the abelian case where exact results are well-known. In §6 we turn to the
S-duality and R-symmetry twisted circle compactification of nonabelian N = 4 SYM.
We propose that the low-energy topological theory is pure Chern–Simons theory, and
outline a test of this conjecture whereby we compactify on a Riemann surface of genus
2 and count the number of vacua. Because of several unknown (at least to us) signs in
the action of S-duality, we only get partial results. We conclude in §7 with a discussion
1We are grateful to E. Witten for explaining this point to us.
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and suggestion for further explorations.
2. The problem
Four-dimensional N = 4 super Yang–Mills theory with gauge group U(n) is believed
to possess SL(2,Z)-duality. The complex coupling constant
τ ≡ 4πi
g2YM
+
θ
2π
transforms under an element (
a b
c d
)
∈ SL(2,Z)
as
τ → aτ + b
cτ + d
.
In this paper we are concentrating on selfduality, which occurs at values of τ for
which there exists an element s ∈ SL(2,Z), other than I ≡
(
1 0
0 1
)
or −I, that leaves
τ invariant. A selfdual theory can be compactified on an S1 with an s-twist. We
are interested in the 2+1D low-energy limit of this setting. We will add a few more
ingredients and restrictions in order to preserve supersymmetry and to eliminate zero
modes, and we will argue that the resulting 2+1D theory is a topological field theory.
The problem is: what is that topological field theory? We now turn to the details.
2.1 S-duality twist
Up to SL(2,Z)-conjugation, selfduality occurs in the following two cases:
1. τ = i is fixed by the Z4 subgroup of SL(2,Z) generated by
s′ ≡
(
0 −1
1 0
)
∈ SL(2,Z); (2.1)
2. τ = eπi/3 is fixed by the Z6 subgroup generated by
s′′ ≡
(
1 −1
1 0
)
∈ SL(2,Z) . (2.2)
For a selfdual value τ , any duality transformation s that fixes it is a symmetry. The
elements s′ or s′′ above generate subgroups of SL(2,Z) (either Z4 or Z6) which are
discrete gauge symmetries. For a given τ , we will denote the subgroup of SL(2,Z) that
fixes it by Sτ . On a manifold X with nontrivial first homotopy group π1(X), we can
formulate the theory with boundary conditions that are twisted by elements of Sτ along
nontrivial loops. The complete set of choices for such boundary conditions is given by
the set of homomorphisms (maps that preserve the group structure) from π1(X) to Sτ .
In this paper, we will only study the case X = S1×M3, where M3 is some 3-manifold,
with an SL(2,Z)-twist only along S1.
Ignoring M3 for the moment, we have 3+1D N = 4 U(n) SYM compactified on S1
with an s-twist. We pick s and τ from the following list of choices:
1. τ = i and s = s′ ≡
(
0 −1
1 0
)
;
2. τ = eπi/3 and either s = s′′ ≡
(
1 −1
1 0
)
∈ SL(2,Z) or s = −s′′ = s′′4 ≡(−1 1
−1 0
)
∈ SL(2,Z);
All other possible s’s are SL(2,Z)-conjugate to those in the list, or their inverses (which
give theories that are physically equivalent after a parity transformation).
Why should we believe that an SL(2,Z)-twist is allowed? Duality symmetries have
been used quite extensively in string theory to twist boundary conditions. (See for
instance [26]-[30] for some old and some recent examples.) Moreover, The Euclidean
partition function on S1 × M3 with the s-twist is easy to define — we simply treat
S1 with radius R as the (Euclidean) time direction and calculate tr{(−1)Fe−2πRH Sˆ},
where F is the fermion number, H is the Hamiltonian onM3, and Sˆ is the operator that
corresponds to the action of s on the Hilbert space. (Here, we momentarily think of x3
as temporal, but from now on, until otherwise stated, we return to thinking about it as a
spatial direction.) Moreover, the s-twist can be given a purely geometrical construction
in terms of the 5+1D (2, 0)-theory. As Witten’s conjecture goes [15], 3+1DN = 4 U(n)
SYM with coupling constant τ can be realized by compactifying the 5+1D (2, 0) theory
(the low-energy limit of n coincident M5-branes [31]) on a T 2 with complex structure
τ and area A and taking the A → 0 limit. The T 2 can be described as the quotient
C/(Z+Zτ) (where C is the complex plane and Z+Zτ is the lattice generated by 1 and
τ), and if z ∼ z + 1 ∼ z + τ is a complex coordinate on C, then the SL(2,Z) duality
transformation s =
(
a b
c d
)
is realized as a change of basis 1 7→ cτ +d and τ 7→ aτ +b.
If τ is fixed by s then aτ + b = (cτ + d)τ and it is then easy to check that, assuming
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Im τ > 0, |cτ + d| = 1, so we can write
cτ + d = eiυ , (2.3)
for some phase υ. For τ = i and s = s′ we have υ = π
2
; for τ = eπi/3 and s = s′′ we
have υ = π
3
and for s = −s′′ we have υ = 4π
3
. The s-duality transformation can then be
realized as rotation of the C plane by an angle υ, which preserves the lattice Z+ Zτ.
A geometric realization of the s-twisted compactification of N = 4 SYM is now
clear. We take a circle S1 of radius R, parameterized by 0 ≤ x3 < 2πR (we reserve
x0, x1, x2 for coordinates on M3), and compactify the (2, 0) theory on the space param-
eterized by (x3, z) with identifications
(x3, z) ∼ (x3, z + 1) ∼ (x3, z + τ) ∼ (x3 + 2π, eiυz), (2.4)
and metric
ds2 = dx23 +
A
Im τ
|dz|2 . (2.5)
In the limit A → 0 we recover the N = 4 U(n) SYM theory compactified on S1 with
an s-twist.
As it stands, compactification of N = 4 SYM on S1 with an s-twist breaks all
the supersymmetries. The supercharges Qaα (a = 1, . . . , 4 and α = 1, 2) are in the
representation 2 of the Lorentz group SO(3, 1) and 4 of the R-symmetry group SU(4)R,
and their complex conjugatesQ
a
α˙ are in the 2
′ of SO(3, 1) and 4 of SU(4)R. As explained
in [21], the supercharges transform under s as
s : Qaα →
(
cτ + d
|cτ + d|
)1/2
Qaα = e
iυ
2 Qaα . (2.6)
This is easy to see from the (2, 0)-theory realization mentioned above—the duality
corresponds to rotation by an angle υ on a plane of the T 2. Since no linear combination
of the supercharges is invariant under s-duality, no supersymmetry is preserved by the
s-twist. We would, however, like to preserve some amount of supersymmetry so as to
be able to use Witten-index techniques later on. For this purpose we will now add an
R-symmetry twist. As a bonus, we will see that an appropriate twist also eliminates
some unwanted zero modes of scalar fields.
2.2 R-symmetry twist
The fields of 3+1D N = 4 U(n) SYM are as follows: a gauge field Aµ, 6 adjoint-valued
scalar fields ΦI (I = 1, . . . , 6), and 4 spinor fields ψaα (a = 1, . . . , 4 and α = 1, 2) and
their complex conjugates ψaα˙ (a = 1, . . . , 4 and α˙ = 1˙, 2˙).
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The R-symmetry is Spin(6) = SU(4). The 6 scalars ΦI are in the real representation
6, the fermions ψaα are in the complex representation 4, and ψaα˙ are in 4.We pick bases
of 4 and 4 such that a diagonal element
γ ≡

eiϕ1
eiϕ2
eiϕ3
eiϕ4
 ∈ SU(4)R ,
(∑
a
ϕa = 0
)
, (2.7)
acts as
γ(ψaα) = e
iϕaψaα , γ(ψaα) = e
−iϕaψaα .
We also pick a basis of 6 such that the representation of γ in SO(6) acts on the scalars
as
γ(Φ2a−1) = Φ2a−1 cos(ϕa + ϕ4)− Φ2a sin(ϕa + ϕ4)
γ(Φ2a) = Φ2a−1 sin(ϕa + ϕ4) + Φ2a−1 cos(ϕa + ϕ4)
}
(2.8)
for a = 1, 2, 3. On occasion, we will suppress the indices on ψ, ψ,Φ and denote the
action of γ on the fields by ψγ , ψ
γ
, and Φγ .
Let 0 ≤ x3 < 2πR be a periodic coordinate on S1. We now augment the s-twist
from §2.1 by an R-symmetry twist as follows. (See also [32] for a similar use of R-
symmetry in a different context.) Without the s-twist, an R-symmetry twist is simply
a modification of the boundary conditions for the scalars and spinors of N = 4 SYM
to
Φ(2πR) = Φ(0)γ , ψ(2πR) = ψ(0)γ , (2.9)
where γ is some element of the R-symmetry group, and only the x3 argument is shown
in (2.9). This twist is independent of the position of the origin x3 = 0, and we can
combine it with the s-twist by modifying the boundary conditions anywhere along S1.
Let us now discuss the amount of supersymmetry that is preserved. For a generic
γ in the form (2.7), no supersymmetry is preserved. Some supersymmetry can be
preserved for special choices of the phases ϕa (a = 1, . . . , 4) in (2.7). The combined
effect of s and γ on a supersymmetry generator Qaα is given by
Qaα → e iυ2 −iϕaQaα . (2.10)
In general, we get N = 2r supersymmetry in 3D, where r is the number of indices a
for which eiϕa = eiυ/2, according to (2.10). We thus can get as high as N = 6 in 3D.
This maximal amount of supersymmetry arises with
γ =

e
i
2
υ
e
i
2
υ
e
i
2
υ
e−
3i
2
υ
 ∈ SU(4)R . (2.11)
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We get N = 4 with
γ =

e
i
2
υ
e
i
2
υ
e−i(υ+ϕ4)
eiϕ4
 ∈ SU(4)R , (2.12)
for any choice of ϕ4, and we get N = 2 with
γ =

e
i
2
υ
e−i(ϕ3+ϕ4−
1
2
υ)
eiϕ3
eiϕ4
 ∈ SU(4)R , (2.13)
for any choice of ϕ3, ϕ4.
To summarize, our setting is N = 4 SYM compactified on S1 with an S-duality
twist s and an R-symmetry twist γ along the circle. We are interested in the limit
where the radius of the circle R shrinks to zero. For the rest of this paper, we will take
the twist (2.11) which preserves the maximal amount of N = 6 supersymmetry.
2.3 Zero modes
Our goal is to analyze the low-energy limit of the compactification of N = 4 U(n) SYM
on S1 with both S-duality twist discussed in §2.1 and R-symmetry twist discussed in
§2.2. We would like to claim that, for sufficiently small values of n, the low-energy
limit leads to a nontrivial 2+1D topological field theory. The restriction on n comes
because for large values of n the claim is defeated by the presence of zero modes as we
shall now discuss.
We can attempt to construct a “Higgs phase” of the theory as follows. If the radius
R of S1 is sufficiently large (compared to a length scale to be defined shortly), we can
first reduce the 3+1D N = 4 theory to its Coulomb branch, which at a generic point of
the moduli space is described by n free N = 4 U(1) vector multiplets. We will denote
the scalars in the k-th multiplet by φIk (k = 1, . . . , n and I = 1, . . . , 6) and the electric
and magnetic fields in the same multiplet by ~Ek and ~Bk, respectively. As in §2.2, we
will suppress the R-symmetry index I of the scalars. The next step is to compactify this
U(1)n gauge theory on S1 with an SL(2,Z)-duality and R-symmetry twist. Assuming
that
6∑
I=1
|〈ΦIk〉 − 〈ΦIl 〉|2 ≫
1
R2
, 1 ≤ k < l ≤ n
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(where 〈ΦIk〉 denote the eigenvalues of the VEV of ΦI), the two-step reduction to low
energy is self-consistent.
At first look, the combined SL(2,Z) and R-symmetry twists set the following low-
energy boundary conditions:
~Ek(2πR) = a~Ek(0) + b ~Bk(0) , ~Bk(2πR) = c ~Ek(0) + d ~Bk(0) ,
φk(2πR) = φk(0)
γ ,
where s ≡
(
a b
c d
)
is the appropriate SL(2,Z) element from §2.1 and γ is R-symmetry
element from (2.11), which acts on the suppressed I index of φIk. The first two boundary
conditions can also be written as
~Ek(0)− τ ~Bk(0) = (cτ + d)( ~Ek(2πR)− τ ~Bk(2πR)) = eiυ( ~Ek(2πR)− τ ~Bk(2πR)) .
The zero modes can be found by taking the fields to be independent of the S1
coordinate, setting ~Ek(2πR) = ~Ek(0), ~Bk(2πR) = ~Bk(0), and φk(2πR) = φk(0). Since
none of the SL(2,Z) twists discussed in §2.1 (neither s′ nor ±s′′) have an eigenvalue 1,
none of the phases υ of (2.3) are zero, and there are no zero modes of the vector fields
with these boundary conditions. Since γ of (2.11) has no eigenvalue 1, there are also
no zero modes of the scalar fields.
However, when the gauge symmetry is broken as U(n)→ U(1)n by the VEVs 〈ΦIk〉,
we also get an action of the Weyl group Sn ⊂ U(n) on the low-energy fields. It acts by
permuting the indices k = 1, . . . , n. Since Sn is a remnant of the gauge group U(n), we
are allowed to consider sectors for which the boundary conditions along S1 are twisted
by an element σ ∈ Sn. The boundary conditions in this sector become
~Eσ(k)(0)− τ ~Bσ(k)(0) = eiυ( ~Ek(2πR)− τ ~Bk(2πR)) , φσ(k)(0)γ = φk(2πR) ,
where σ is understood as a permutation map σ : {1, . . . , n} → {1, . . . , n}.We get a sur-
viving 2+1D low-energy mode of the vectors for any linear combination
∑n
k=1Ck(
~Ek−
τ ~Bk) such that the coefficients satisfy
Ck = e
iυCσ(k) , k = 1, . . . , n. (2.14)
In other words, eiυ must be an eigenvalue of σ in its fundamental representation.
Similarly, from (2.11) we see that the eigenvalues of γ in the representation 6 of
SO(6) are e±iυ (each one occurring with a multiplicity of 3). Thus, we also get three
complex scalar zero modes of the form
∑6
I=1
∑n
k=1 λ
I
(a)Ckφ
I
k. Here λ
I
(a), for a = 1, 2, 3,
– 9 –
are the three eigenvectors of γ with eigenvalue e−iυ (which cancels the phase of (2.14)
to give rise to the zero modes). In the basis of (2.8), we can take∑
λI(1)φ
I = φ1 + iφ2 ,
∑
λI(2)φ
I = φ3 + iφ4 ,
∑
λI(3)φ
I = φ5 + iφ6 .
for any set of coefficients {Ck} that satisfy (2.14).
For τ = i and s = s′ we have υ = π
2
, and a nonzero solution to (2.14) exists only if
the Weyl group has an element of order four, and hence only if n ≥ 4. For the threshold
value n = 4, a nonzero solution requires that σ act as σ : (1, 2, 3, 4) 7→ (2, 3, 4, 1), up to
conjugation. The space of solutions is then one-dimensional, and the low-energy limit
of the compactified N = 4 theory is given by a single 2+1D free N = 8 multiplet of 8
real scalar fields (the three complex scalar zero modes give 6 fields, and the vector field
gives rise to 2 scalar fields) with moduli space (C3×T 2)/Z4. The C3 factor corresponds
to the three scalar zero modes, and the T 2 (with complex structure τ = i) factor comes
out of the vector zero mode. The action of Z4 corresponds to multiplication by i for
each of the four factors in C× C× C× T 2, and is derived from the identification∑
I
∑
k
λI(a)Ckφ
I
k ∼
∑
I
∑
k
λI(a)Ckφ
I
σ(k) =
∑
I
∑
k
λI(a)Cσ−1(k)φ
I
k = e
iυ
∑
I
∑
k
λI(a)Ckφ
I
k .
For τ = eπi/3 and s = s′′ we have υ = π
3
and therefore no zero modes for n < 6,
while for for s = −s′′ we have υ = 4π
3
and there are no zero modes if n < 3. The analysis
of the threshold cases is similar to the one above.
Thus, when we reduce theN = 4 theory to its low-energy limit and then compactify
with a twist, we find no low-energy zero-modes for
• τ = i and s = s′ if n = 1, 2, 3;
• τ = eπi/3 and s = s′′ if n = 1, 2, 3, 4, 5;
• τ = eπi/3 and s = −s′′ if n = 1, 2.
We can also provide an alternative argument that does not use the low-energy limit
of N = 4 SYM. We can glean more information about the putative Coulomb branch of
the low-energy 2+1D theory by studying the VEV of BPS operators. Set Z ≡ φ5+ iφ6
and consider the BPS operators
Op ≡ g−pYM tr(Zp) , p = 1, 2, . . .
According to [9], with this normalization the operators are SL(2,Z)-duality invariant.
The action of γ is
(Op)γ = eipυOp .
It follows that Op is single-valued in our setting if and only if eipυ = 1. Therefore,
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• for τ = i and s = s′, 〈Op〉 6= 0 requires p ∈ 4Z;
• for τ = eπi/3 and s = s′′ 〈Op〉 6= 0 requires p ∈ 6Z;
• for τ = eπi/3 and s = −s′′ 〈Op〉 6= 0 requires p ∈ 3Z.
For U(n), On+1,On+2, . . . are not independent of O1, . . . ,On. Thus for τ = i and s = s′,
for example, if n < 4 none of the operators Op can get a VEV. By studying additional
BPS operators we can restrict the form of the Coulomb branch and reach the same
conclusion as above that for n < 4 there are no zero modes.
In the rest of this paper, we take the gauge group to have low enough rank so that
after S-duality and R-symmetry twists there are no zero modes in the compactified
theory.
3. S-duality kernel and topological field theory
In the limit R → 0, the construction in §2 essentially reduces to a question about the
duality transformation defined by the SL(2,Z) element s. In order to see what this
question is more precisely, it is convenient to think about the S1 as a (Euclidean) time
direction, and think about the s-twist as an insertion of an operator that realizes the
duality. To explore this point of view further, we now switch to a formal Schro¨dinger
representation.
3.1 Schro¨dinger representation
We will assume that the theory is formulated on a compact three-manifold M3, so that
the full spacetime is R×M3.We will use the convention that i, j, · · · = 1, 2, 3 are spatial
indices and µ, ν, · · · = 0, 1, 2, 3 are spacetime indices. We will denote the 3D metric on
M3 by gij. The full metric will be ds
2 = −dt2 + gijdxidxj . In this subsection, we will
not restrict gYM and θ, and work with a generic coupling constant
τ =
4πi
g2YM
+
θ
2π
.
We will work in the Hamiltonian formalism and in the temporal gauge
A0 = 0.
The spatial components of the gauge field will be denoted by the 1-form A ≡ Aidxi
that is to be understood as defined on M3 at a fixed time. Thus, by dA we will always
mean “the exterior derivative on M3” so that dA is a 2-form on M3. In addition to
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the gauge field, we have 6 adjoint-valued scalar fields ΦI (I = 1, . . . , 6) and 4 spinor
fields ψaα (a = 1, . . . , 4 and α = 1, 2) and their complex conjugates ψaα˙ (a = 1, . . . , 4
and α˙ = 1˙, 2˙). We will denote the collective configuration field by V ≡ {A,ψaα,ΦI}.
Physical states are then formally represented by gauge invariant wavefunctions Ψ(V ) ≡
Ψ{A,ψaα,ΦI}.
We denote the (u(n) or su(n) Lie algebra valued) vector field canonically dual to
A by Ei∂i. We understand it as the operator
Ei ≡ −2πi δ
δAi
acting on wavefunctions. The magnetic field is Bidx
i = ∗dA, where ∗ is the three-
dimensional Hodge star operator. The Hamiltonian is
H =
∫ √
gd3x tr{1
2
g2YMgijE
iEj +
1
2g2YM
gijBiBj + · · · } . (3.1)
The conjectured S-dual description involves dual fields: A˜i, ψ˜
a
α, Φ˜
I , which will be
collectively denoted by V˜ . The dual coupling constant and θ-angle are given by
4πi
g˜2YM
+
θ˜
2π
≡ τ˜ = aτ + b
cτ + d
.
The dual Hamiltonian will be denoted by H˜.
3.2 S-duality kernel
Formally, the Hamiltonian (3.1) acts on the Hilbert space of gauge-invariant wavefunc-
tions. We are interested in how the SL(2,Z) group of dualities are realized in the
Hamiltonian formalism.
The group SL(2,Z) is generated by
(
0 −1
1 0
)
and
(
1 1
0 1
)
. The latter corresponds
to a shift θ→ θ + 2π and acts on the wavefunction in a simple way:
Ψ(V )→ eiICS(A)Ψ(V ) , (3.2)
where
ICS(A) ≡ 1
4π
∫
tr{A ∧ dA+ 2
3
A ∧A ∧A}d3x
is the level-1 Chern–Simons action. Equations (3.2) can be seen either by directly
integrating the extra F∧F term in the action that results from the shift θ → θ+2π, or by
checking that it acts on the electric field operator in the appropriate way: Ei → Ei+Bi.
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S-duality acts on the wavefunction in a more complicated and generally unknown
way. We will denote the S-duality operator acting on the Hilbert space by Ŝ. We have
ŜH = H˜Ŝ . (3.3)
Formally, acting on Ψ(V ), it produces a dual wavefunction Ψ˜(V˜ ) ≡ Ψ˜{A˜, ψ˜aα, Φ˜I}. We
can represent S-duality by a (Fredholm) kernel S(V, V˜ ) that acts as
Ψ˜(V˜ ) =
∫
S(V, V˜ )Ψ(V )[DV ],
where [DV ] denotes a path integral on all the fields A,ψaα,ΦI , and S is a (generally
nonlocal) functional of both field configurations, V and V˜ , which is separately invariant
under a gauge transformation of V and a gauge transformation of V˜ .2
Let us now discuss the possible ambiguities in our definition of S. The S-duality
operator Ŝ transforms eigenstates of the Hamiltonian H to eigenstates of H˜ , but we
can consider multiplication by unitary operators that commute with the Hamiltonians.
In other words, let Ω be some unitary operator that commutes with H and let Ω˜ be
another unitary operator that commutes with H˜. We are considering the freedom to
change Ŝ 7→ Ω˜ŜΩ. In the following discussion we will argue that there are essentially no
nontrivial ambiguities except for a global phase and time translation. We will use the
fact that Ŝ commutes with the Hamiltonian (in the sense of (3.3)) and with R-charge,
and takes local operators of N = 4 SYM to local operators of the dual theory.
Since the unitary operator Ω commutes with the Hamiltonian H , it must be a
function of the conserved charges which areH and the R-charge operators, and similarly
Ω˜ must be a function of H˜ and R-charge of dual theory. Since Ŝ commutes with the 15
R-charge generators, Ω and Ω˜ can only depend on SU(4)-invariant combinations of the
SU(4)-generators, i.e., on the Casimirs of SU(4). For a generic positively curved metric
gij and generic SU(4)R bundle over a compact M3, we expect the energy levels to fall
into SU(4)R multiplets, but other than that to be discrete and nondegenerate. Thus,
for a fixed metric and R-bundle, we may assume that Ω and Ω˜ only depend on H and
H˜ , respectively, but not on the R-charge. (The Casimirs of the SU(4) representation
can be absorbed in a function of the energy, as the representation can generically be
read off from the energy.) We can then set Ω = f(H) and Ω˜ = g(H˜) for some functions
f, g of the discrete energy eigenvalues.
2The wavefunction Ψ is closely related, after Wick rotation, to the boundary conditions defined
in [12]. For example, Dirichlet boundary conditions on the gauge fields correspond to a wavefunction
δ(Bi), and Neumann boundary conditions correspond to a constant wavefunction (on which δ/δAi →
0). More complicated wavefunctions were constructed in [12] by coupling the gauge degrees of freedom
to extra boundary (3D) degrees of freedom. Our S is directly related to the action of S-duality on
these boundary conditions as described in [13].
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We now have Ω˜ŜΩ = Ŝg(H)f(H), and we can assume without loss of generality
that Ω˜ = 1. We also know that Ŝ takes local operators O to local operators ŜOŜ−1.
To preserve this propetry, ŜΩOΩ−1Ŝ−1 must also be local. Here, we are considering
locality in time as well as in space. This restricts Ω to be of the form eiTH+iφ for
some constant T and constant phase φ. This reflects the obvious fact that there is no
canonical way to identify the original time and the time in the dual theory, and so the
S-duality has an undetermined time-translation in it.
We can do better when the coupling constant τ takes one of the S-dual values
discussed in §2.1 and Sˆ realizes the action of corresponding element s ∈ SL(2,Z).
Then, we can identify the original Hilbert space with the dual Hilbert space, and also
require that the ground state transforms into itself, without a phase. This completely
eliminates all the ambiguity.
3.3 Metric independence
We will now argue that S is topological. To show that, we need to check that S is
independent of the metric gij. Consider a small deformation δgij of the metric on M3.
The corresponding corrections to H and H˜ are
δH =
∫
M3
√
gδgijT
ijd3x , δH˜ =
∫
M3
√
gδgijT˜
ijd3x ,
where T ij are the spatial components of the energy-momentum tensor of the original
N = 4 theory, and T˜ ij are the components of the energy-momentum tensor of the dual
theory. Since S-duality maps the energy-momentum tensor to itself,
Ŝ(δH) = (δH˜)Ŝ .
Let δŜ be the small change in Ŝ due to the metric deformation above. Then,
(Ŝ + δŜ)(H + δH) = (H˜ + δH˜)(Ŝ + δŜ) =⇒ (δŜ)H − H˜(δŜ) = 0 .
Thus, δŜ transforms an eigenstate of H to an eigenstate of H˜ with the same energy
eigenvalue. Then Ŝ−1(Ŝ+δŜ) commutes with the Hamiltonian. We can similarly argue
that it commutes with the R-charge. In addition, if O is a local operator in the original
Hilbert space, then so is Ŝ−1(Ŝ+ δŜ)O(Ŝ+ δŜ)−1Ŝ. By the same argument as above it
then follows that Ŝ−1(Ŝ+δŜ) is the identity operator (up to a possible time translation
and a global phase), which proves the claim. A similar argument shows that S is also
independent of the coupling constant τ. To show that, we can use the fact that the
dilaton operator ∂H/∂τ maps to itself under S-duality.
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The construction in §2 is related to the S-kernel S in the following way. Take one of
the selfdual values of τ and the corresponding element s ∈ SL(2,Z) as in §2.1, and let
the S-duality and R-symmetry twists be at x3 = 0. Suppose we insert some Wilson-line
operator O at x3 = ǫ > 0 with ǫ≪ R. Its expectation value in the theory of §2 is given
by tr{(−1)F e−2πRHOŜγ}, where Sˆ represents the action of s on the Hilbert space. If
we could take the naive limit R→ 0, we would get tr{(−1)FOŜγ} which corresponds
to calculating the expectation value of O in a 3D theory whose action is formally given
by
I(V ) ≡ −i log S(V, V γ) , (3.4)
where V γ are the fields V after the R-symmetry twist γ. In other words, the expectation
value of an operator F (V ) (say a Wilson line) in that theory is by definition given by
〈F 〉 ≡
∫
eiI(V )F (V )[DV ] ≡
∫
S(V, V γ)F (V )[DV ] .
However, since H is not bounded from above, taking the limit R→ 0 is potentially
dangerous. One potential problem is that tr{(−1)FOŜγ} receives large contributions
from high-energy modes, for example ifO is a Wilson line with a cusp. Another problem
is if tr{(−1)FOŜγ} is ill-defined because of massless zero-modes. This is the case if γ
is not generic enough. For the time being, we will assume that none of these problems
arise and that the R → 0 limit is safe. We will proceed to discuss the diagonal of the
S-duality kernel, as defined in (3.4).
In general, the kernel S depends on two independent field configurations V and
V˜ on M3, and we do not expect it to be expressible in terms of an integral of a local
expression in the fields. However, the construction in §2 makes it clear that I(V ) is
the action of a local theory. We further conjecture that I(V ) is an integral of a local
expression in the fields V , i.e., the theory that it defines is not only local, but local in
the variables V. Since we argued that S(V, V˜ ) is topological, i.e., independent of the
metric gij, we expect I(V ) to also be topological. We conclude that the diagonal of
the S-duality kernel defines a local topological field theory in three dimensions.
3.4 Expectation value of a Wilson-loop pair
An interesting aspect of the nonlocal structure S(V, V˜ ) is that it renders the correlation
functions of Wilson loops easy to calculate. For this purpose, we specialize to the τ = i
case, and let the nonlocal kernel S(V, V˜ ) represent the action of s = s′ ∈ SL(2,Z). For
clarity of discussion, we momentarily suppress the dependence on superpartners and
write the kernel as S(A, A˜).
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Choose two loops C and C˜ in a three-manifold and define the double-Wilson-loop
expectation value:
W (C, C˜) =
∫
S(A, A˜) tr
(
Pei
H
C
A
)
tr
(
Pei
H
eC
eA
)
[DA][DA˜] ,
where tr is in the fundamental representation of SU(n).We will now present a heuristic
calculation of W (C, C˜). We work in the formal Schro¨dinger representation discussed
in §3.1 and define the operators
Ŵ (C) = tr
(
Pei
H
C
A
)
, Ŵ (C˜) = tr
(
Pei
H
eC
A
)
.
We also define the formal state |1〉 which has a formal wavefunctional Ψ{A} = 1 for
every gauge field configuration A (which is related to Neumann boundary conditions
in [12]). Then, formally,
W (C, C˜) = 〈1|Ŵ (C˜)SŴ (C)|1〉 .
Let M̂(C˜) be the ’t Hooft loop operator [33] associated with the loop C˜. Then Ŵ (C˜)S =
SM̂ (C˜) (see [10][21]). Using the commutation relation [33]
M̂(C˜)Ŵ (C) = Ŵ (C)M̂(C˜)e
2pii
n
L(C,eC) ,
where L(C, C˜) is the linking number of the loops C and C˜, and using the fact that
M̂(C˜) acts by changing one gauge configuration to another, so that M̂(C˜)|1〉 = |1〉, we
get
W (C, C˜) = 〈1|Ŵ (C˜)SŴ (C)|1〉 = 〈1|SM̂ (C˜)Ŵ (C)|1〉 = e 2piin L(C,eC)〈1|SŴ (C)M̂(C˜)|1〉
= e
2pii
n
L(C,eC)〈1|SŴ (C)|1〉 = e 2piin L(C,eC)〈1|M̂(C)S|1〉 = e 2piin L(C,eC)〈1|S|1〉 ,
The last equality is justified by inserting
∫
[DA]|A〉〈A| in front of S on both sides and
using 〈1|M̂(C)|A〉 = 1 = 〈1|A〉 for any configuration eigenstate |A〉, according to the
definition of |1〉.
The normalization factor 〈1|S|1〉 is independent of the loops C, C˜, and assuming
that it can be regularized to a nonzero value, we find a topological result:
W (C, C˜) ∝ e 2piin L(C,eC) . (3.5)
In principle, this result can be used to reconstruct the nonlocal kernel S(A, A˜), at least
on a lattice. It would be interesting to see if this can lead to a useful expression for S
[34].
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3.5 Electric and magnetic fluxes
We close this section by studying how the S-duality operator Sˆ acts on the electric and
magnetic fluxes [33]. Our analysis is based on a review contained in [21], to which we
refer the reader for more information.
Let us start with the gauge group SU(n) and its adjoint form SU(n)/Zn. Since we
consider the theory on a manifold X = S1 ×M3, where we view the S1 as Euclidean
time, the electric and magnetic fluxes e and m take values in the following abelian
groups:
e ∈ Hom(H1(M3,Zn), U(1)), m ∈ H2(M3,Zn) . (3.6)
As Hom(H1(M3;Zn), U(1)) is naturally isomorphic to H
2(M3;Zn), one can meaning-
fully talk about exchanging the electric and magnetic fluxes. More precisely, the S-
duality conjecture states that the fluxes transform as(
e
m
)
→
(
e˜
m˜
)
=
(
a b
c d
)(
e
m
)
(3.7)
under the SL(2,Z) action.
Each choice of e and m defines a Hilbert space He,m. Its elements are those
wavefunctions defined on the space of SU(n)/Zn bundles of topological type defined
by m that transform in a way specified by e under a large gauge transformation. In
view of (3.7), the S-duality operator Sˆ acts on these Hilbert spaces as
Sˆ : He,m → He˜,m˜ . (3.8)
Therefore, with the choices of gauge coupling τ and s ∈ SL(2,Z) that we have consid-
ered so far, He,m is invariant under duality in the following cases3:
• for τ = i and s = s′: e = m and 2m = 0;
• for τ = eπi/3 and s = s′′: e = m = 0;
• for τ = eπi/3 and s = −s′′: e+m = 0 and 3e = 0.
For example, if n = 2, then 2m = 0 for any m, so at τ = i, the Hilbert space He,e is
invariant for any e under the action of s = s′.
In the U(1) theory, the electric and magnetic fluxes take values in H2(M3,Z), and
also transform as (3.7) under the duality. It is easy to see that the only invariant
Hilbert space He,m in this case is the one with e =m = 0.
3Note that e,m are elements of abelian torsion groups where n ·m = 0 and n · e = 0 doesn’t imply
m = 0 and e = 0.
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By combining the results for the SU(n) and U(1) cases above, we can answer the
same question for the U(n) theory. We first note that the Hilbert space for the U(n)
theory decomposes as
HU(n) =
⊕
e′=e mod n
m
′+m=0 mod n
HU(1)
e′,m′ ⊗HSU(n)e,m . (3.9)
The fluxes are correlated because of the Zn action in U(n) = [SU(n) × U(1)]/Zn.
It follows from the above results that, for all values of τ and s under consideration,
the only invariant Hilbert space HU(1)
e′,m′ ⊗ HSU(n)e,m is the one with (e′,m′) = (0, 0) and
(e,m) = (0, 0).
Now, let us return to SU(n). We have seen above that only a small subset of the
possible flux combinations e,m are allowed. How can we modify the SL(2,Z)-twist
construction to include fluxes that are not SL(2,Z) invariant? Suppose the SL(2,Z)-
twist is at x3 = 0 and that for x3 < 0 we have fluxes e,m, so that for x3 > 0 we
have fluxes e˜, m˜, as in (3.7). To make this construction consistent we need to insert
an operator at some other x3, say x3 = ǫ, that augments the electric flux by e − e˜
and augments the magnetic flux by m− m˜. Let C be a loop (or union of loops) in M3
whose homology class is equivalent to the cohomology class e− e˜. Then, an appropriate
Wilson loop operator W (C) inserted at x3 = ǫ is the operator we need. Similarly, a ’t
Hooft loop for C that is Poincare´ dual to the cohomology class m − m˜ will augment
the magnetic flux by the desired amount.
For our application we especially need to consider the case M3 = Ch×R, where Ch
is some Riemann surface (of genus h). Let e0,m0 be the electric and magnetic fluxes
through Ch, which take values in Zn. Choose a point p ∈ Ch and a representation r of
SU(n) and consider the Wilson-loop operator
W (r, p, ǫ) = trr
(
P exp
∮
{p}×R×{x3=ǫ}
A
)
.
Here, {p} × R × {x3 = ǫ} ⊂ Ch × R × S1 is the line at p and x3 = ǫ. This operator
W (r, p, ǫ) augments the electric flux by the number of boxes b of the Young diagram
associated with r. Thus, we require b ≡ (e0 − e˜0) mod n, where e˜0 is the electric flux
through Ch after the SL(2,Z)-duality s. Similarly, a ’t Hooft loop at p will suffice if
b ≡ (m0 − m˜0) mod n.
We do not know if there are any further restrictions required of r in either the
electric or magnetic case. We therefore believe, for example, that the compactification
Ch × R × S1 with the s′ twist at x3 = 0 in the S1 direction, with m0 = e0 = m for
0 < x3 < ǫ (and some m ∈ Zn) and with m0 = −e0 = m for ǫ < x3 < 2π, and with
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a straight Wilson line at x3 = ǫ and p ∈ Ch in a representation r with 2m boxes, is
consistent.
4. T-duality twist and geometric quantization
Before we approach the main case of interest, N = 4 SYM with an S-duality twist,
it is useful to study a simpler problem where similar ideas arise. The problem that
we will study in this section is the compactification of a 1+1D theory on S1 with the
insertion of a T-duality twist, assuming the theory is selfdual. Arguments along the
line presented in §3 suggest that this construction yields a topological theory in 0+1D.
A 0+1D topological theory is a quantum mechanical system with a Hamiltonian that is
identically zero. In the examples that we study below, it will have a finite-dimensional
Hilbert space (of vacua).
We will begin with a free scalar at the self-dual radius. In this case, we will see
that the resulting topological theory is trivial. We will then proceed to a free σ-model
with target space T d at a point in the moduli space that is invariant under some duality
transformation in O(d, d,Z).We will demonstrate that the resulting topological theory
is equivalent to geometric quantization of the target space. We will then comment on
a more general case where we twist a selfdual supersymmetric σ-model by the duality
that is mirror symmetry.
4.1 Warm-up: free self-dual scalar
Consider a free real 1+1D boson Φ(σ˜, τ˜) where 0 ≤ σ˜ < 2π is the spatial coordinate
and τ˜ is time. The action is
S =
1
4π
∫ {
(∂τ˜Φ)
2 − (∂σ˜Φ)2
}
dσ˜dτ˜ ,
and the Hamiltonian is
H =
1
4π
∫ {
(∂τ˜Φ)
2 + (∂σ˜Φ)
2
}
dσ˜ .
We take the boson at the selfdual radius, so that Φ ∼ Φ + 2π.
There are many ways to prove T-duality of this simple free theory [35], but for our
purposes we need to do it in the Schro¨dinger representation. We therefore expand, at
fixed τ ,
Φ(σ˜) = wσ˜ +
∞∑
n=−∞
φne
inσ˜ ,
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where w ∈ Z is the winding number, φ∗n = φ−n are the Fourier modes, and φ0 is real and
periodic with period 2π. A state in the Hilbert space is described by a wavefunction,
which is a formal expression Ψ(w, {φn}), and T-duality acts as
Ψ(w, {φn})→ Ψ˜(w˜, {φ˜n}) =
∑
w
∫ ∏
n
dφnT (w˜, {φ˜n};w, {φn})Ψ(w, {φn}) ,
where the duality kernel T is given by [38]:
T (w˜, {φ˜n};w, {φn}) = exp{i(w˜φ0 − wφ˜0) +
∞∑
n=−∞
nφnφ˜−n}
= exp
{
−iwΦ˜(0)− πiw˜w + i
2π
∫ 2π
0
Φ(σ˜)Φ˜′(σ˜)dσ˜
}
. (4.1)
(The first term on the second line is required to make the entire expression independent
of the choice of origin on the σ˜ direction.) This can be checked by noting that this map
acts on operators as
∂σ˜Φ(σ˜0)→ −2πi δ
δΦ(σ˜0)
, −2πi δ
δΦ(σ˜0)
→ −∂σ˜Φ(σ˜0) .
Note, however, that we have the freedom to multiply the operator by an arbitrary
function of the conserved charges, which are the winding number w and the momentum
p ≡ −i∂/∂φ0. The latter has the following interpretation. Consider first an exponential
function eipa, where a is some constant. This function acts by shifting φ0 → φ0 + a,
and the effect on T in (4.1) is to replace every φ0 with (φ0+a). Now, if we average this
over various a’s with some weight function f(a), the effect on T would be to multiply it
by some function of w˜. Therefore, the ambiguity in T can be rephrased as the freedom
to multiply by an arbitrary phase that depends on (w, w˜) alone. We will ignore this
ambiguity and take (4.1) as the expression that defines the duality kernel.
Based on what we learned in §3.3, we expect that the T-duality kernel T defines a
topological theory in one less dimension when we equate the original variables w and
φn to their dual partners w˜ and φ˜n. Setting w˜ = w and φ˜n = φn in (4.1), we find
that the diagonal of T is identically zero—this is a trivial topological theory. Note
also that the second line of (4.1) is a topological expression (independent of the 0+1D
metric). Interpreting σ˜ as time, the discussion above implies that the Hilbert space of
our topological theory has only one state. We now switch the role of σ˜ and τ˜ , and from
now on, unless otherwise stated, we interpret σ˜ as spatial and τ˜ as temporal.
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4.2 T d target space
Our first nontrivial (yet simple) example is a σ-model with target space T 2 that is a
product of two circles S1×S1, one with radius R1 and the other with radius R2 = 1/R1.
The action is
S =
2∑
k=1
1
4πR2k
∫ {
(∂τ˜Φk)
2 − (∂σ˜Φk)2
}
dσ˜dτ˜ , (4.2)
and the theory is selfdual under a simultaneous T-duality in both directions, combined
with an exchange of the two S1’s. In order to get a nontrivial result, it turns out that
we need to add to the twist a reflection in one of the S1’s. With this reflection, the
combined duality also preserves the complex structure of the T 2.
For the Schro¨dinger formalism, we expand
Φk(σ˜) = w
(k)σ˜ +
∞∑
n=−∞
φ(k)n e
inσ˜ , k = 1, 2,
where φ
(k)
0 are real and periodic with period 2π. A state in the Hilbert space is described
by a formal wavefunction Ψ(w(1), w(2), {φ(k)n }), and T-duality acts as
Ψ({w(k)}, {φ(k)n }) → Ψ˜(w˜(k), {φ˜(k)n })
=
∑
w(1),w(2)
∫ ∏
n
dφ(k)n T ({w˜(k)}, {φ˜n}; {w(k)}, {φn})Ψ({w(k)}, {φ(k)n }) ,
where the duality kernel T = T ({w˜(k)}, {φ˜n}; {w(k)}, {φn}) is given by
T = exp
{
i(w˜(2)φ
(1)
0 − w(1)φ˜(2)0 )− i(w˜(1)φ(2)0 + w(2)φ˜(1)0 )
+
∞∑
n=−∞
nφ(1)n φ˜
(2)
−n −
∞∑
n=−∞
nφ(2)n φ˜
(1)
−n
}
= exp
{
−iw(1)Φ˜2(0)− πiw˜(2)w(1) + iw(2)Φ˜1(0) + πiw˜(1)w(2)
+
i
2π
∫ 2π
0
Φ˜2∂σ˜Φ1dσ˜ − i
2π
∫ 2π
0
Φ˜1∂σ˜Φ2dσ˜
}
. (4.3)
Now we set w(k) = w˜(k) and Φk = Φ˜k in (4.3), and find that the diagonal of the
duality kernel becomes a topological action
S =
1
2π
∫ 2π
0
ǫklΦk∂σ˜Φldσ˜ − 1
2π
ǫklΦk(0)
∫ 2π
0
∂σ˜Φldσ˜ . (4.4)
where ǫ12 = −ǫ21 = 1 and ǫ11 = ǫ22 = 0. We then treat σ˜ as a time coordinate, which
turns (4.4) into a 0+1D action. The second term on the right-hand side is nonlocal,
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but is required in order to make the integral independent of the choice of origin. If
desired, we can eliminate this term by replacing the integration range 0 ≤ σ˜ < 2π with
−∞ < σ˜ <∞ and taking as a boundary condition Φk(−∞) = 0. The resulting action
is then simply
S =
1
2π
∫ ∞
−∞
ǫklΦk∂σ˜Φldσ˜ . (4.5)
This action describes geometric quantization of the target space T 2 with a symplectic
form
ω =
2
(2π)2
dφ1 ∧ dφ2 ,
where 0 ≤ φ1 < 2π and 0 ≤ φ2 < 2π are coordinates on T 2. With this symplectic form,
the area of the target space is 2 and there are therefore two quantum states in the
Hilbert space of this simple topological 0+1D theory. In §4.3 we will present a more
geometrical description of these two states, and the distinction between them.
Let us now generalize the discussion to a torus T d of an arbitrary even dimension
d, with an arbitrary flat metric GIJdφ
IdφJ and antisymmetric B-field BIJdφ
I ∧ dφJ
(I, J = 1, . . . , d). For the duality twist, we pick an element t in the duality group
O(d, d,Z) and write it in block form as
t =
(
A B
C D
)
∈ O(d, d,Z) ,
where A,B,C,D are d × d matrices. The action on GIJ and BIJ is conveniently
expressed as follows (see [36] for a review). Define the d× d matrix E by
EIJ = GIJ +BIJ .
Then t acts as
E → (AE +B)(CE +D)−1 .
For our purposes, we pick a selfdual background for which
E = (AE +B)(CE +D)−1 .
The duality acts on the left-moving and right-moving free fields of the σ-model as
∂−Φ→ (D−CEt)−1∂−Φ , ∂+Φ→ (D+CE)−1∂+Φ , ∂± ≡ ∂τ˜ ± ∂σ˜ , (4.6)
where Φ here is understood as a d-component vector. (See (2.4.36) of [36].) From this
action we calculate
∂τ˜Φ =
1
2
(∂+Φ + ∂−Φ) → 1
2
((D+CE)−1∂+Φ + (D−CEt)−1∂−Φ) = U∂τ˜Φ +V∂σ˜Φ ,
∂σ˜Φ =
1
2
(∂+Φ− ∂−Φ) → 1
2
((D+CE)−1∂+Φ− (D−CEt)−1∂−Φ) = U∂σ˜Φ+V∂τ˜Φ ,
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where
U = (D+CE)−1(D+CB)(D−CEt)−1 ,
V = −(D +CE)−1CG(D−CEt)−1 .
Taking the range −∞ < σ˜ < ∞ and boundary conditions Φ(−∞) = 0, to avoid
complications, we get (up to total derivatives) the T-duality kernel
T = exp
{ i
4π
∫ ∞
−∞
(
Φ(2X)∂σ˜Φ + Φ˜(2Y)∂σ˜Φ˜ + Φ˜(2Z)∂σ˜Φ
)
dσ˜
}
, (4.7)
where
2X = −B +GV−1U , 2Y = B +GUV−1 , Zt = GV−1 . (4.8)
This is found by solving4(
−2πiG−1 δ
δΦ˜
−G−1B∂σ˜Φ˜
)
T = U
(
2πiG−1
δ
δΦ
−G−1B∂σ˜Φ
)
T +V∂σ˜ΦT ,
∂σ˜Φ˜T = U∂σ˜ΦT +V
(
2πiG−1
δ
δΦ
−G−1B∂σ˜Φ
)
T .
After a little algebra, (4.8) can be simplified as
2X = −E + (Ct)−1(D+CE)−1 , 2Y = −C−1D , Z = C−1 . (4.9)
Setting Φ = Φ˜ in (4.7), we get the topological action
S =
1
4π
∫ ∞
−∞
Φ(2W)∂σ˜Φdσ˜ , (4.10)
where
2W = 2X+ 2Y + Z− Zt = (Ct)−1(D+CE)−1 −C−1(D+CE) +C−1 − (Ct)−1 .
This describes geometric quantization of the target space T d with the symplectic form
given by
ω =
WIJ
(2π)d
dφI ∧ dφJ .
For example, we can recover the previous case with T 2 target space by setting
G =
(
R21 0
0 R−21
)
, B = 0 , A = D = 0 , B = C = J ≡
(
0 −1
1 0
)
.
4In manipulating the matrices here and below, it is essential to note the following properties of
O(d, d,Z) matrices: AtC+CtA = 0, BtD+DtB = 0, AtD+CtB = 1.
– 23 –
The matrix J is so chosen as to incorporate the exchange of two circles and reflection
in one of them. The number of states in the Hilbert space is
n = Pf(2W) ,
where Pf denotes the Pfaffian.
Let us specialize again to the case of T 2. In the study of T-duality for T 2, one
usually defines the complex combination
ρ = B12 + i
√
detG .
The duality group O(2, 2,Z) is essentially two copies of SL(2,Z), one acting on ρ and
the other acting on the complex structure of T 2 in a geometrical way. Under an element(
a b
c d
)
in the first SL(2,Z) factor, ρ transforms as as
ρ→ aρ+ b
cρ+ d
.
We now have three possibilities for a duality twist t, which are analogous to the list in
§2.1:
1. ρ = i and t =
(
0 −1
1 0
)
, with 2 vacua;
2. ρ = eπi/3 and t =
(
1 −1
1 0
)
, with 1 vacuum;
3. ρ = eπi/3 and t =
(−1 1
−1 0
)
, with 3 vacua.
4.3 An alternative way of counting vacua
We will now describe a more geometrical interpretation for the vacua of the topological
0+1D theories that we obtained in §4.2. We will concentrate on the simple T 2 target
space with action (4.2). The trick is simple: perform T-duality only on one of the
two circles, say the one corresponding to Φ2. We now have two circles of equal radius
R1 and a target space T
2 with complex structure τ = i. In this picture selfduality is
a geometrical isometry of T 2, which in the realization of T 2 as a lattice C/(Z + τZ)
corresponds to rotation of C by π/2. A similar duality can be applied for the other
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selfdual values of ρ (which becomes the complex structure τ after T-duality only on
one circle) from the list at the end of §4.2. We will proceed with a general τ.
We take the 1+1D coordinates to be (σ˜, τ˜), and the twist will be at σ˜ = 0 ∼ 2π.
Set
Z(σ˜, τ˜) ≡ Φ1(σ˜, τ˜) + τΦ2(σ˜, τ˜ ) , (4.11)
to be the complex field of the 1+1D σ-model. The boundary conditions are geometrical:
Z(0, τ˜) = eiυZ(2π, τ˜) ,
where
eiυ ≡ cρ+ d .
The twist has a number of fixed points zr (r = 1, 2, . . . ) that satisfy
eiυzr − zr ∈ Z+ τZ ,
i.e., rotation by υ keeps the point on T 2 that is parameterized by zr invariant. The
number of fixed points is as follows:
1. For ρ = i and υ = π/2, we have r = 1, 2 and the fixed points are z1 = 0 and
z2 = (1 + i)/2;
2. For ρ = eπi/3 and υ = π/3 we have only one fixed point z1 = 0;
3. For ρ = eπi/3 and υ = 2π/3 we have 3 fixed points z1 = 0, z2 = (ρ + 1)/3, and
z3 = 2(ρ+ 1)/3.
Each fixed point zr defines a different topological sector of the σ-model via the mode
expansion
Z = zr +
∑
q∈Z+ υ
2pi
1
q
αqe
−iq(τ˜+σ˜) +
∑
q∈Z− υ
2pi
1
q
α˜qe
−iq(τ˜−σ˜) .
The modes are all fractional, and there are no zero modes here. The number of ground
states is therefore the number of topological sectors, labeled by the index r. The result,
which is listed above, agrees with the result listed at the end of §4.2.
4.4 Ka¨hler σ-models and the Witten index
The discussion in the previous subsections can be extended to supersymmetric σ-
models. We will encounter in §6 the following situation: a selfdual nonlinear 1+1D
σ-model with N = (2, 2) supersymmetry compactified on S1 with a duality twist aug-
mented by an isometry of the Ka¨hler target space. The duality is mirror symmetry
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[37] -[40], and the complex Ka¨hler moduli are at a selfdual value. We denote the target
space by Y.
The question is whether the low-energy description (energy scale much lower than
the Kaluza-Klein scale of the circle compactification) is a topological theory. We assume
that the combination of mirror symmetry and isometry twist preserves some amount
of supersymmetry (half of the SUSY generators, generally), and we wish to count the
number of vacua, or at least calculate the Witten index.
In our application below, Y will be the Hitchin’s moduli spaceMH (to be reviewed
in §6.5), which is actually hyper-Ka¨hler, and not just Ka¨hler (and the σ-model there-
fore starts out with N = (4, 4) supersymmetry in 1+1D). But for the time being it is
good to start with a simple prototypical example: Y = T 2×C (which also happens to
be hyper-Ka¨hler) where the complexified Ka¨hler class ρ of T 2 is one of the two choices
from the end of §4.2. The twist along S1 is a combination of mirror symmetry and
isometry. Mirror symmetry is just the T-duality of T 2 in this context, and is described
by an element t ∈ SL(2,Z) which we also pick out from the list at the end of §4.2. We
combine it with a rotation of C by some nonzero angle β. It is not hard to check that
none of the fermionic fields of the σ-model have zero-modes, and so it is clear from
the discussion above that the low-energy theory is equivalent to geometric quantization
of the isometry-invariant subspace of Y , which is T 2 × {0} (where {0} stands for the
origin of C).
To see this in more detail, let us rederive the results of the previous subsections
in this supersymmetric context, using a technique that will be useful in the more com-
plicated case of MH later on. Since none of the fermionic fields have zero modes, we
can count the number of vacua by calculating the Witten index of the theory. For
this purpose, we compactify time on a (Euclidean) circle 0 ≤ τ˜ ≤ 2πT and calculate
the partition function. The fermions have periodic boundary conditions that preserve
supersymmetry. We also introduce a topological twist [37] that turns the supersymmet-
ric N = (2, 2) σ-model into either the A-model or the B-model, which we will discuss
separately below. Since we are working on a flat worldsheet, the topological twist has
no effect on the partition function.
Since the T-duality twist T commutes with the BRST operator of either A-model
or B-model, we can reduce the calculation of the partition function to a trace of the
reduction of (−1)FT in the finite dimensional Hilbert space of the A-model compacti-
fied on S1 (the τ˜ -direction), where F is the fermion number. The fact that this gives
the same result as in §4.3 can be understood as a variant of the Lefschetz–Hopf fixed-
point theorem which relates the number of fixed points (counted with multiplicity) of
a continuous map on a manifold to the trace of the induced map on cohomology, and
can be derived from a topological field theory [41][42][43]. Let us now proceed to the
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details.
A-model
For a T 2 target space as in §4.3, the A-model action is:
L =
4π Im ρ
Im τ
∫ (
1
2
∂zZ∂zZ + 1
2
∂zZ∂zZ + iψz∂zχ+ iψz∂zχ
)
d2z
+
2πRe ρ
Im τ
∫ (
∂zZ∂zZ − ∂zZ∂zZ
)
d2z , (4.12)
where z = σ˜ + iτ˜ , Z is the same complex coordinate on the target space as in (4.11),
ψz, ψz, χ, χ are fermionic fields, ρ is the (complex) Ka¨hler modulus of T
2 (taken from
the list at the end of §4.2), and τ is the complex structure of T 2, which decouples from
the topological theory. The BRST symmetry acts as [37]:
δZ = iǫχ , δZ = iǫχ , δχ = δχ = 0 , δψz = −ǫ∂zZ , δψz = −ǫ∂zφ . (4.13)
The Hilbert space of the topological A-model compactified on S1 (to be understood
as the τ˜ direction, according to the discussion above) is in one-to-one correspondence
with the Dolbeault cohomology of T 2. A basis of local BRST-cohomology operators
which correspond to these states consists of [37] 1, χ, χ, χχ, which correspond to the
following representatives of the Dolbeault cohomology of T 2: 1, dZ, dZ, dZ∧dZ. (Here
Z,Z are coordinates on T 2 which are in one-to-one correspondence with the σ-model
fields Z,Z.)
The T-duality element T acts on the fermionic fields of the A-model as follows
(compare with (4.6)):
χ→ eiυχ , χ→ eiυχ , ψ → e−iυψ , ψ → e−iυψ , (4.14)
and commutes with the BRST transformation (4.13). The T-duality element T there-
fore acts on an A-model operator that corresponds to a (p, q)-Dolbeault cohomology
class as multiplication by the phase ei(p+q)υ. The action depends only on the total degree
of the form, as it should, since the A-model is independent of the complex structure of
the target space.
Using the state-operator correspondence, we can now determine the action of T
on states, up to a phase. Letting |1〉 be the state corresponding to the operator 1, the
phase is 〈1|T |1〉. The Witten index is then
I = tr{(−1)FT } = (1− eiυ)2〈1|T |1〉.
Thus, we get
|I| = |1− e−iυ|2 = 2(1− cos υ).
(And the missing phase is 〈1|T |1〉 = ±e−iυ.) This agrees with the results of §4.3.
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B-model
The B-model action with T 2 target space is
L =
4π Im ρ
Im τ
∫
Σ
d2z
(1
2
∂zZ∂zZ + 1
2
∂zZ∂zZ + i
2
η(∂zρ
′
z + ∂zρ
′
z) +
i
2
θ(∂zρ
′
z − ∂zρ′z)
)
.
with the BRST action
δZ = 0, δZ = iǫη, δη = δθ = 0, δρ′ = −ǫdφ . (4.15)
The BRST-invariant operators are 1, η, θ, ηθ, which correspond to the following ele-
ments of Hp(∧qT (1,0)(T 2)): 1, dZ, ∂
∂Z , dZ ∂∂Z .
T-duality acts as
η → η cos υ + iθ sin υ , θ → iη sin υ + θ cos υ , ρ′z → eiυρ′z , ρ′z → e−iυρz ,
and we can verify that tr{(−1)FT } = 2− 2 cos υ.
5. Analysis for U(1) Super-Yang–Mills
We now study 3+1D Yang–Mills theory with an S-duality twist for the case of a U(1)
gauge group. In this case, there is an exact expression for the S-duality kernel, which is
well-known, and it is straightforward to find the topological 3D theory associated with
the S-duality twist.
5.1 The duality kernel for U(1) Yang–Mills theory
We take pure U(1) Yang–Mills theory with 1-form gauge field A defined on M3. The
S-duality kernel S(A, A˜) acts on the wavefunction Ψ{A} representing a state so that
Ψ˜{A} ≡
∫
[DA˜]S(A, A˜)Ψ(A˜)
is the wavefunction of the S-dual state.
For an S-duality transformation we have
τ → aτ + b
cτ + d
, Ei → aEi + bBi , Bi → cEi + dBi .
The action of S-duality in the quantum theory on an arbitrary manifold was described
in [44]. A closed expression for the S-duality kernel appears in [38][45][13]:
SA(A, A˜) = exp
{
i
4πc
∫
(dA ∧ dA− 2A˜ ∧ dA+ aA˜ ∧ dA˜)
}
. (5.1)
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This is determined by requiring the operator equations
E˜iSA = SA(aEi + bBi), B˜iSA = SA(cEi + dBi).
Here we can take Ei ≡ −2πiδ/δAi.
Now set A = A˜ (up to a gauge transformation) in (5.1). We get
I(A) ≡ a+ d− 2
4πc
∫
A ∧ dA .
This is a Chern–Simons theory at level k ≡ (a+d−2)/c. For a generic SL(2,Z) element
s =
(
a b
c d
)
this is not an integer, but for the special values s = s′,−s′, s′′,−s′′ we get
integral levels k = −2, 2,−1, 3, respectively.
5.2 Low-energy limit of an SL(2,Z)-twisted compactification
Now, let us compare the Chern–Simons action that we obtain from the diagonal
SA(A,A) to the action that we obtain from compactifying U(1) Yang–Mills theory
on S1 of radius R with an s-twist, in the limit R→ 0, as in §2.1.
Let us describe the full action in detail. We assume that the s-twist is at x3 =
0 ≃ 2πR. The Yang–Mills field A(x0, x1, x2, x3) is defined in the range 0 ≤ x3 ≤ 2πR
without imposing periodic boundary conditions. The Yang–Mills coupling constant is
either τ = i or τ = eπi/3, according to whether s = s′ or s = ±s′′. As is customary, we
set τ ≡ τ1 + iτ2. We also denote
A′ ≡ A(x0, x1, x2, x3 = 0) , A′′ ≡ A(x0, x1, x2, x3 = 2πR) .
The full action is
I = IYM + IX ,
where IYM is the bulk Yang–Mills action
IYM ≡
∫
x0,x1,x2
∫ 2πR
x3=0
(
1
2g2YM
F ∧ ∗F + θ
4π2
F ∧ F
)
,
and IX consists of “boundary terms”
IX ≡ 1
4π
∫
x0,x1,x2
ω ,
where
ω ≡ 1
c
(dA′ ∧ dA′′ − 2A′ ∧ dA′′ + aA′′ ∧ dA′′)
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is the integral of a gauge-invariant expression:
dω =
1
c
(dF ′ ∧ F ′′ − 2F ′ ∧ F ′′ + aF ′′ ∧ F ′′) .
The equations of motion are Maxwell’s equations in the bulk, but with boundary
conditions:
F ′′ = (cτ1 + d)F ′ + cτ2 ∗F ′ , F ′ = −(cτ1 − a)F ′′ − cτ2 ∗F ′′ .
These two conditions are equivalent for selfdual values of τ and corresponding s.
Define the complex-valued 2-forms
F ′± ≡ ∗F ′ ± iF ′ , F ′′± ≡ ∗F ′′ ± iF ′′ .
Then, the boundary conditions can be written as
F ′′+ = (cτ + d)F
′
+ , F
′′
− = (cτ + d)F
′
− . (5.2)
As noted earlier, |cτ + d| = 1 so that we can write cτ + d = e2πiq with
q =

1
4
for τ = i and s = s′,
1
6
for τ = eπi/3 and s = s′′,
2
3
for τ = eπi/3 and s = −s′′.
From the boundary conditions (5.2) we find the Fourier mode decomposition
F± =
∑
j∈Z
e
i(j+q)x3
R f
(+)
j+q(x0, x1, x2) .
Because j+q is never zero, we see that the fields f
(+)
j+q are massive in 2+1D with masses
given by |j + q|/R. The classical analysis, however, cannot tell us the multiplicity of
the vacuum. But since the low-energy description is a Chern–Simons theory at level
k ≡ (a + d − 2)/c we expect to get a multiplicity of kh vacua when formulated on a
compact genus-h Riemann surface Ch.
5.3 Supersymmetry
Now let us extend the discussion to a free vector multiplet of N = 4 SYM. The
extra fields are free scalars and fermions. We need to impose the boundary conditions
(2.9) combined with the s-twist. The action of s on the 6 scalar fields of the vector
multiplet is trivial, since it commutes with the SO(6) R-symmetry. One might consider
the possibility of s acting as an overall (−) sign, which corresponds to the nontrivial
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element in the center of SO(6), but this is a matter of definition, and we can always
absorb it in the R-symmetry twist γ. We then get 2+1D scalar Klauza-Klein modes
with masses (j+ (ϕa+ϕb)/2π)/R (1 ≤ a < b ≤ 4), where j ∈ Z and ϕa are as in (2.7).
Now consider the free fermions of the N = 4 vector multiplet. By (2.6) and (2.9),
their boundary conditions are
ψαa(x3 = 2πR) = e
i
2
υ+iϕaψαa(x3 = 0) , ψ
α˙
a (x3 = 2πR) = e
− i
2
υ−iϕaψ
α˙
a (x3 = 0) .
This gives 2+1D fermionic Klauza-Klein modes with masses (j + (ϕa +
1
2
υ)/2π)/R
(1 ≤ a ≤ 4).
For a generic choice of γ (i.e., generic ϕa) there are neither fermionic nor bosonic
zero modes. This is also the case for the N = 6 supersymmetric γ in (2.11). For
the N = 4 supersymmetric choices of γ in (2.12) there are no zero modes unless the
phase ϕ4 is chosen so that e
i(
1
2
υ+ϕ4) = 1. In that case the subgroup of SU(4)R that
commutes with γ is (SU(2)×SU(2)×U(1))/Z2. The surviving supercharges transform
in the representation (2, 1)+1 ⊕ (2, 1)−1 so the U(1) factor and the leftmost SU(2)
factor can be considered an R-symmetry of the resulting theory, while the right SU(2)
factor is a flavor symmetry. The low-energy theory comprises of 4 massless scalar fields
in the representation (2, 2)0 of the unbroken R-symmetry, and 4 massless fermions in
the representation (1, 2)+1 ⊕ (1, 2)−1. These combine to a 2+1D hypermultiplet. The
moduli space is R4.
So far we discussed the physical low-energy theory. Now, let us discuss the action
defined by (3.4). The duality kernel is given by
S(V, V˜ ) = SA(A, A˜)δ(Φ˜− Φγ)δ(ψ˜ − e i2υψγ) ,
where SA(A, A˜) is given by (5.1). Setting V˜ = V we get, up to an infinite normalization
factor,
S(V, V ) = e ik4pi
R
A∧dAδ(Φ)δ(ψ). (5.3)
The normalization factor is, formally, a product of the determinants (one determinant
for each spacetime point x), since
δ(Φ(x)− Φ(x)γ)δ(ψ(x)− e i2υψ(x)γ) = δ(Φ(x))δ(ψ(x))
∏
a(1− ei(ϕa+
1
2
υ))∏
a<b(1− ei(ϕa+ϕb))
.
If the constant factor on the right is well-defined, nonzero, and finite (i.e., in the absence
of fermionic and bosonic zero modes) the resulting action S(V, V ) is indeed topological,
after regularization.
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Note that at low-energy, in the topological theory, supersymmetry now acts in a
trivial way: all the supersymmetry generators are identically zero. This is because by
(5.3) we have Φ = 0 and ψ = 0, and the equations of motion of the Chern–Simons
theory also set F = 0. The vanishing of the SUSY generators immediately implies that
the Hamiltonian is identically zero (since the Hamiltonian is part of the supersymmetry
algebra), which is consistent with the topological nature of the low-energy theory.
6. The nonabelian case
We now turn to the nonabelian case. Our setting is N = 4 SU(n) SYM compactified
on S1 of radius R with an R-symmetry twist γ and an SL(2,Z)-duality twist s at a
point on the circle.5 We have argued that the low-energy limit, R→ 0, is described by
a 2+1D topological field theory. We ask: what is that field theory?
In §6.1 we present our conjecture: the low-energy limit can be described by a
Chern–Simons theory at a level that is determined by the twist. We then test this
conjecture in §6.4 by calculating the Witten index of the theory compactified (in an
appropriate way that preserves some supersymmetry) on a Riemann surface, and we
compare the result to the number of vacua of Chern–Simons theory on that Riemann
surface. We now proceed to the details.
6.1 A conjecture
Our conjecture is as follows. For the values of n, τ, s, υ listed below, the low-energy limit
of N = 4 SYM with gauge group SU(n) and complex coupling constant τ , compactified
on S1 with an SL(2,Z)-twist s and R-symmetry twist γ (determined by υ) as in (2.11),
is described by a (three-dimensional) pure Chern–Simons theory with the same gauge
group SU(n) and at level k that is given by:
• for τ = i, υ = π
2
, s = s′ ≡
(
0 −1
1 0
)
, and n = 1, 2, 3, we have k = −2;
• for τ = eπi/3, υ = π
3
, s = s′′ ≡
(
1 −1
1 0
)
, and n = 1, 2, 3, 4, 5, we have k = −1;
• for τ = eπi/3, υ = 4π
3
, s = −s′′ =
(−1 1
−1 0
)
, and n = 1, 2, we have k = 3.
5The SU(n) theory is not selfdual under the full SL(2,Z) group, but rather only under a subgroup
known as Γ0(n). This is because the dual group of SU(n) is its adjoint form SU(n)/Zn. The difference
has to do with allowed electric and magnetic fluxes, which we will address in §6.6. For the time being,
we will ignore this subtlety.
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Supersymmetry is realized trivially (all generators are zero). The levels k are conjec-
tured by extension from the U(1) case discussed in §5.1. The restrictions on the rank n
are in order to eliminate zero-modes of scalar fields, as discussed in §2.3. The negative
values of k for the first two cases in the list can, of course, be flipped to positive values
with the help of a parity transformation.
The conjecture implies that the expectation value of a large smooth Wilson loop
can be calculated from Chern–Simons theory. In Euclidean signature, let 0 ≤ x3 < 2πR
be a periodic coordinate on S1, and let C ⊂ R3 be a loop at a constant x3 (and here
R3 represents the remaining three dimensions of the problem). We assume that the
curvature of C is small compared to R−1 and that the loop is not self-intersecting or
“close” to being self-intersecting. (More precisely, we assume that the intersection of
C with any ball in R3 of radius of the order of R or less is topologically connected.)
The expectation value 〈W (C)〉 of a Wilson loop W (C) is then given, by conjecture,
by a similar expectation value 〈W (C)〉 in the corresponding three-dimensional Chern–
Simons theory. It can therefore be calculated using the techniques developed in [25].
The restriction on the curvature of the loop can presumably be dropped if we
supersymmetrize the loop, as in [46][47]. Since the scalars and fermions are set to zero
at low-energy, by our conjecture, the supersymmetrization should have no effect on the
Chern–Simons side.
6.2 Relations among the Chern–Simons levels
The three cases corresponding to the twists s = s′, s′′,−s′′ are related, and were it not
for the different γ-twists, a proof of the conjecture for any one of them would have
implied the rest. To see this, set
T ≡
(
1 1
0 1
)
, S ≡
(
0 −1
1 0
)
.
Then
s′ = S , s′′ = TS , −s′′ = TS−1 .
The action of T is simple to describe. It multiplies the wavefunction of 3+1D SYM
by the level k = 1 Chern–Simons phase, as in (3.2). Furthermore, if the kernel for
S is S(V, V˜ ), in the notation of §3.2, then the kernel for S−1 is S(V˜ , V )∗, since Sˆ
is a unitary operator. It follows that if the diagonal of the kernel for s′ corresponds
to Chern–Simons theory at level k, then s′′ is described by level (k + 1) and −s′′ by
level (1 − k) (which happens to be true from the list of §6.1). However, since the
R-symmetry twists are different in the three cases, we do not know how to prove this
relation definitively.
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6.3 Compactification on a Riemann surface Ch
Ch
Riemann surface
area A
 ❅
S-twist
S
 ❅γ
& R-twist
S1
0 ≤ x3 < 2πR
 ❅
S1
(or R)
0 ≤ x4 < 2πT
Figure 1: Our setting is N = 4 SU(n) SYM compactified on an S1 with an R-symmetry and
S-duality twist times a Riemann surface Ch of genus h (h = 2 in the picture). The remaining
dimension is also compactified on another S1. The R-symmetry bundle is nontrivial over Ch
so as to preserve half of the supersymmetry.
In order to explore the conjecture presented in §6.1 we wish to find a topological
quantity that can be computed in N = 4 SYM, using what is already known about
the action of S-duality, and then compare the result to what our conjecture predicts in
terms of Chern–Simons theory. As a first step, we compactify the theory on a Riemann
surface Ch of genus h. In other words, we consider the theory on X = S1R × Ch × R,
where the subscript R refers to the radius of the circle, with the γ and s twists setting
the boundary conditions along S1R.
We also wish to preserve some amount of supersymmetry, so that Witten-index
techniques could be applicable. We can do this by turning on an appropriate (topolog-
ically nontrivial) background gauge field along Ch for the unbroken R-symmetry—an
operation known as “twisting” [37, 48], which we will briefly review.
For this additional twisting we are only allowed to use the unbroken subgroup of
the R-symmetry group. The already present R-twist of (2.11) breaks the R-symmetry
group of N = 4 SYM down to U(3) ⊂ SU(4)R, under which the 6 supercharges trans-
form as the sum of the fundamental and anti-fundamental representations 3 + 3. The
supercharges also transform as a spinor (left-moving plus right-moving) in the two di-
rections of Ch, which means that one component transforms as a section of the SO(2)
bundle associated with the phase of the square-root of the canonical line bundle K of Ch
and the other component transforms as a section of the opposite bundle (the one asso-
ciated with the anti-canonical bundle K). For genus h 6= 1 these are nontrivial bundles,
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and there are therefore no covariantly constant spinors on Ch, and supersymmetry is
completely broken.
The procedure of twisting restores supersymmetry by adding a background SU(4)R
gauge field that is proportional to the spin connection of Ch. This modifies the covari-
ant derivative of the fermions and scalars that are charged under SU(4)R. The spin
connection of Ch can be thought of as a gauge field for the group of rotations SO(2)
of the fibers of the tangent-bundle of Ch. To specify the topological twist we need to
specify an element T in the (R-symmetry) Lie algebra su(4). Denoting by ωj (j = z, z)
the components of the spin connection on Ch, the covariant derivative of a left-moving
fermion in the Ch direction j is then Dj = ∂j − 12ωj − ωjT. Here T acts on the R-
symmetry indices of the field, and we assume that it commutes with the R-symmetry
twist in (2.11): T ∈ u(3) ⊂ su(4). In the basis that corresponds to (2.7) we therefore
take
T ≡

̺1
̺2
̺3
−∑31 ̺i
 ∈ u(3) ⊂ su(4)R . (6.1)
After the topological twist (and contraction with the zweibein if necessary), the scalars
and fermions turn into sections of generally nontrivial line bundles over Ch which are
certain powers of K or K. The supercharges are also sections of such line bundles, and
the number of conserved supersymmetries is the number of supercharges that transform
in the trivial bundle [37].
The supercharges that transform in the 4 of SU(4)R are also left-moving spinors
under the 3+1D Lorentz group, and they break up into two components: a left-mover
on Ch which is also a left-mover on the remaining two dimensions S1 ×R, and a right-
mover on Ch which is also a right-mover on the remaining two dimensions S1 × R.
Altogether, therefore, the supercharges transform as a section of the following vector
bundle [where the subscript indicates whether it is a left-mover (+) or right-mover (−)
on S1 × R]: [
K 12−
P3
1 ̺i ⊕
3⊕
i=1
K 12+̺i
]
+
⊕
[
K 12+
P3
1 ̺i ⊕
3⊕
i=1
K 12−̺i
]
−
.
At the same time, scalar fields transform as sections of
K̺1+̺2 ⊕K̺1+̺3 ⊕K̺2+̺3 , (6.2)
and their complex conjugates, of course, transform as sections of
K̺1+̺2 ⊕K̺1+̺3 ⊕K̺2+̺3 . (6.3)
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The maximum number of supersymmetry generators that can be preserved is 4.
For this we take ̺1 = ̺2 = −̺3 = 12 , i.e.,
T ≡

1
2
1
2
−1
2
−1
2
 ∈ u(3) ⊂ su(4)R . (6.4)
This is the A-twist discussed in [6][21]. We see from (6.2)-(6.3) that the 6 real scalars
of N = 4 SYM have turned into 4 scalars and a 1-form on Ch.
We thus end up with the following setting: N = 4 SYM compactified on S1R × Ch
with an R-symmetry twist γ and an SL(2,Z)-twist s along S1R as throughout this paper,
and with an additional A-twist along Ch. We wish to find the Witten index, i.e., the
number of supersymmetric vacua counted with (±) signs according to their fermion
numbers.
6.4 The Witten Index
The Witten index is generally independent of continuous parameters, and as is standard
in the computation of a Witten index, when we identify a useful parameter that can be
taken to different extreme values we get two opposite limits in which it is interesting to
perform the calculation. In our case, one limit is that the Riemann surface Ch is much
larger than the circle S1R. We refer to it as “Limit (i).” In this case, we first reduce
to Chern–Simons theory on Ch × R, according to our conjecture in §6.1, and viewing
R as time direction, the Witten index is just the dimension of the Hilbert space of
Chern–Simons theory.
The method for calculating the dimension dh(n, k) of the Hilbert space of SU(n)
Chern–Simons theory at level k on a Riemann surface of genus h was outlined in [25].
The Hilbert space can be obtained by geometric quantization of the moduli spaceMfc
of flat SU(n) connections on Ch with a symplectic form that is k times the Ka¨hler 2-
form of Mfc, which is determined by the complex structure of Ch. Explicit expressions
for n = 2 can be found in [49]. However, as we will see later, we need to modify these
equations to include a nonzero magnetic flux through Ch, and we present the calculation
in Appendix A.
The opposite limit is to take Ch to be much smaller than S1R. We refer to it as
“Limit (ii).” We can then first reduce N = 4 SYM on Ch. This is precisely the setting
studied in [6][7][21]. With a nonzero magnetic flux on Ch, the resulting low-energy
description is a 1+1D σ-model with a smooth hyper-Ka¨hler target space that can be
identified with Hitchin’s moduli space MH . (We will review Hitchin’s space in §6.5.)
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The magnetic flux is required to make the associated Hitchin space MH nonsingular.
S-duality, according to [6][7], reduces to T-duality of the σ-model.
To compute the Witten index, we compactify the R direction on a circle of radius T.
(The resulting setting is depicted in Figure 1.) We take periodic boundary conditions
along the S1T direction for all the σ-model fields, and calculate the index in the limit
R≪ T. In this limit it is convenient to switch the roles of time and space and think of
S1R as (Euclidean) time. The Witten index is then given by the trace of the T-duality
operator T (s), which is the reduction of the SL(2,Z) twist s to the Hilbert space of the
σ-model compactified on S1, times the R-symmetry operator γ, treated as an operator
in the same Hilbert space (we hope the reader will forgive this slight abuse of notation):
I = tr0{(−1)FT (s)γ} . (6.5)
Here F is the fermion number, and tr0 denotes the restriction of the trace to the ground
states.
The ground states form a finite dimensional Hilbert space which can be identified
with the cohomology of the target space MH . In fact, since the two dimensional space
on which the σ-model is defined is flat, we can topologically twist the σ-model to get
an A-model or B-model [37] with the same target space. There is a particular complex
structure on MH for which the A- and B-models are invariant under S-duality (called
“complex structure I” in [21]). But in any case, since T (s)γ preserves supersymmetry
it commutes with the BRST charge, and hence acts on the finite dimensional Hilbert
space of the topologically twisted theory. This Hilbert space is identified with the (de
Rham or Dolbeault) cohomology of MH, and in order to complete the computation of
the Witten index we need to know how γ and T (s) act on the cohomology.
6.5 Review of Hitchin’s space
It is now time to review some relevant facts about Hitchin’s moduli space MH =
MH(Ch, G) associated with a Riemann surface Ch and a gauge group G. What follows
is a list of facts that are relevant to our discussion, collected from [6, 21, 50, 51].
The Hitchin moduli space is the moduli space of solutions to the following differ-
ential equations:
Fzz = [φz, φz] , Dzφz = Dzφz = 0 , (6.6)
where solutions that are equivalent up to a gauge transformation are identified in the
moduli space. Here Fzz is the field strength of a gauge field with gauge group G on Ch,
φzdz is a (1, 0)-form which takes values in the complexified Lie algebra of G, φzdz is its
complex conjugate, and Dz ≡ ∂z −Az and Dz ≡ ∂z −Az are the (1, 0) and (0, 1) parts
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of the covariant derivative. (Here, Az = −A†z .) We focus on the case with G = SU(2)
and assume that the genus h of Ch is greater than 1.
The moduli spaceMH in general contains singularities; these points correspond to
reducible solutions of Hitchin’s equation. In physical terms, this means that the low
energy description of N = 4 SYM in terms of σ-model breaks down at these points
due to the presence of massless modes associated with the residual gauge theory. The
problem was circumvented in [6] by turning on a nontrivial ’t Hooft magnetic flux
through Ch. In fact, one of the main results of [50] was that the moduli space MH
becomes a smooth manifold of dimension 12h − 12 in this case. Therefore, from now
on, we will concentrate on the moduli space of solutions with magnetic flux turned on.
6.5.1 Hitchin’s fibration
The crucial point in understanding the T-duality of the σ-model with target spaceMH
is what is called Hitchin’s first fibration in [21]. In this fibration, the base space B is
simply parameterized by the gauge-invariant polynomials in φz; for G = SU(2), this
is just bzz = trφ
2
z, which is holomorphic due to Hitchin’s equations (6.6), and hence
belongs to H0(Ch,K2) ≈ C3h−3, where K is the canonical bundle on Ch. The projection
map of the fibration simply sends the pair (A, φzdz) to bzz = trφ
2
z.
At a generic point on the base space H0(Ch,K2), the holomorphic differential bzz
has simple zeroes on Ch. To obtain the fiber space over this point, one first constructs
a double cover Cˆh of Ch, determined by the two-valued differential
√
bzz. It is shown in
[50] (see also [6]) that the fiber over bzz is then the Prym variety of the double cover
Cˆh. (Roughly speaking, this is the space of allowed values of U(1) holonomies, where
the U(1) ⊂ SU(2) is determined by the values of φz away from the branch points of
the double cover.) In particular, the fiber is a complex torus with (complex) dimension
3h− 3.
6.5.2 The most singular fiber
While the generic fiber of Hitchin’s fibration is T 6h−6, there are singular fibers as well at
special values of the holomorphic quadratic differential bzz = tr(φ
2
z). The most singular
fiber is over the base point where the quadratic differential is identically zero: bzz = 0.
This implies that up to an SU(2) gauge transformation φz takes the form
φz =
(
0 αz
0 0
)
. (6.7)
A special case is when φz = 0 identically. The solution to Hitchin’s equations then
reduces to finding a flat connection. Thus Mfc, the moduli space of flat connections
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(for a given magnetic flux), is a subset of the fiber over bzz = 0. The space Mfc is of
dimension 6h− 6, so it has the same dimension as the fiber.
If φz is not identically zero, then from (6.6) and (6.7) it is easy to check that the
gauge field must take the form:
Az =
(
az cz
0 −az
)
, (6.8)
where
az = −1
2
∂z logαz ,
and cz is arbitrary. The equation Fzz = [φz, φz] implies that c
∗
z/αz is holomorphic, and
that ∂zaz − ∂zaz = |αz|2 + |cz|2.
A special case of this is when cz = 0 identically. In what follows, we will only need
the case of genus h = 2 and with one unit of magnetic flux on C2. It can then be shown
(see §7 of [50]) that αz has a single simple zero on C2, and the location of this zero
uniquely determines αz up to a gauge transformation in SO(3) = SU(2)/Z2. (αz is
not locally holomorphic, but can be written as a product of a section of a holomorphic
line bundle times a nonzero function.) There is an extra complication here due to the
center Z2 of the gauge group. If we identify solutions up to any gauge transformation in
SO(3), including large gauge transformations, then the space of solutions with cz = 0
can be identified with a copy of Ch. (The map from the moduli space of solutions with
cz = 0 to Ch is given by the location of the zero of αz.) But if we identify solutions
only up to gauge transformations in SU(2), we have to take into account the existence
of 22h = 16 classes of large gauge transformations. Each class is characterized by a
map π1(C2) → Z2 which adds (±) signs to the holonomies of the abelian gauge field
azdz + azdz along one-cycles of C2. In this case the space of solutions is a 16-fold cover
of C2, which is a Riemann surface of genus 17. This extra complication will not be
important for us, as we will need only the sector with zero electric flux along one-cycles
of C2, and so for all intents and purposes of this paper, the space of solutions with
cz = 0 is identified with C2. (For more details see §7 of [50].)
To obtain more information on the singular fiber, consider the (real) “Morse func-
tion,” introduced by Hitchin, on MH :
µ ≡ 2
∫
tr(φzφz)d
2z.
The integral is over Ch. Its minimum is µ = 0 and the minimum locus µ−1(0) is identified
with the subspace Mfc of the singular fiber. For h = 2, the range of µ on the singular
fiber is 0 ≤ µ ≤ π
2
, and the maximal value π
2
is attained on the subspace of solutions
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with cz = 0. We will therefore refer to this subspace as µ
−1(π
2
), and as we have just
seen, it is isomorphic to a copy of C2.
Thus, the part of the singular fiber that is not contained in Mfc is the subset
on which µ takes nonzero values, i.e., µ−1((0, π
2
]), where (0, π
2
] is the set of values
0 < µ ≤ π
2
. For genus h = 2, the set µ−1((0, π
2
]) is an open manifold of (real) dimension
6, while Mfc = µ−1(0) is a closed manifold, also of (real) dimension 6. The boundary
of µ−1((0, π
2
]) is a Riemann surface that is a subset of Mfc and is isomorphic to the
Riemann surface µ−1(π
2
) (i.e., is C2 if we ignore the 24 multiplicity). To see this note
that the boundary of µ−1((0, π
2
]) is obtained by setting αz = 0 in (6.7), but keeping
the upper triangular form (6.8) for the gauge field. Define the complex conjugate field
cz = c
∗
z. Then, Hitchin’s equations (6.6) reduce to
az = −1
2
∂z log cz , ∂zaz − ∂zaz = |cz|2 .
But these are the same equations that az and αz satisfy on µ
−1(π
2
), only that the role
of αz is played by cz. Thus, the boundary of µ
−1((0, π
2
]), as µ → 0, is isomorphic to
µ−1(π
2
).
6.5.3 Cohomology
In what follows, we will also need some facts about the cohomology H∗(MH). We will
restrict to the case of gauge group SU(2) and genus h = 2.
The Poincare´ polynomial
P (t) ≡
∑
i
dimH i(MH)ti (6.9)
was calculated in [50], and is given by
P (t) = 1 + t2 + 4t3 + t4 + t6 + t4(1 + 34t+ t2). (6.10)
Let us review how this expression comes about. The piece 1 + t2 + 4t3 + t4 + t6 is
the contribution of forms supported at µ−1(0), and the piece t4(1 + 34t + t2) is the
contribution of forms supported at µ−1(π
2
) (using the notation from §6.5.2). Thus, the
polynomial 1+ t2+4t3+ t4+ t6 is the Poincare´ polynomial of the moduli space Mfc of
flat SU(2) connections over a genus h = 2 Riemann surface with one unit of magnetic
flux.
The cohomology ofMfc for SU(2) with one unit of magnetic flux and genus h > 1
has been calculated in [52] (see also [53]). It has 2h + 2 generators: α ∈ H2(Mfc),
β1, . . . , β2h ∈ H3(Mfc), and γ ∈ H4(Mfc). Let us briefly review where these generators
come from. From a flat connection over Ch one can construct a holomorphic rank-2
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vector bundle over Ch. Since this vector bundle varies as a function of the point in
Mfc we get a vector bundle over Ch × Mfc. The second Chern class c2, which is in
H4(Ch × Mfc) can be decomposed in terms of a basis of H∗(Ch). The coefficient of
the generator of H0(Ch) is γ, the coefficient of the generator of H2(Ch) is α, and the
coefficients of the 2h generators of H1(Ch) are the βj’s. There is a quite complicated set
of relations [54] among α, β1, . . . , β2h, γ, which we will not need in the present paper.
The case of genus h = 2 is particularly easy to describe. In this case, by Hodge duality
we can complete the Poincare´ polynomial of Mfc to 1 + t2 + 4t3 + t4 + t6.
Another useful fact is that the mapping class group of Ch acts nontrivially on the
generators β1, . . . , β2h. The mapping class group is the fundamental group of the space
of complex structures of Ch. As one traverses a loop in this space, the complex structure
of Ch varies and with it the space Mfc varies. As one completes the loop, the complex
structure of Ch is back to its original value, and the space Mfc is also isomorphic to
the original space at the start of the loop, but a particular generator of H3(Mfc) does
not necessarily map to itself. In general, there is a nontrivial action [described by an
element in the symplectic group Sp(2h,Z) which preserves the intersection form] on
the generators of H1(Ch), which induces a nontrivial dual action on β1, . . . , β2h.
The remainder of the Poincare´ polynomial (6.10) is the contribution from reducible
solutions of the form (6.7) with αz 6= 0. The cohomology that we need is the subspace
invariant under large gauge transformations, as discussed at the end of §6.5.2, and the
corresponding Poincare´ polynomial is
P (t) = 1 + t2 + 4t3 + t4 + t6 + t4(1 + 4t+ t2). (6.11)
The space MH is noncompact, so we need to specify whether we allow forms with
noncompact support. Since these correspond to nonnormalizable states, we will drop
them, and so we work with the cohomology with compact support. Let us denote by
δ(µ−1(0)) the 6-form with support on µ−1(0) and “indices” in the direction transverse
to µ−1(0) which are the directions of the base of the Hitchin fibration. [δ(µ−1(0)) can
be smeared out to what is known as the Thom class of a tubular neighborhood of
µ−1(0).] Let us also denote by δ(µ−1(π
2
)) the 10-form with support on µ−1(π
2
) (which
is a Riemann surface and therefore has 10 orthogonal directions). For the cohomology
with compact support we have to multiply the piece 1 + t2 + 4t3 + t4 + t6 in (6.11) by
t6. We get representatives of the cohomology onMH by multiplying the corresponding
forms onMfc by δ(µ−1(0)). Similarly, µ−1(π2 ) is a Riemann surface and has a Poincare´
polynomial 1+4t+ t2 (ignoring the complication of the 16-fold cover mentioned at the
end of §6.5.2). We get the corresponding forms on MH by multiplying the forms on
µ−1(π
2
) by δ(µ−1(π
2
)).
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6.5.4 Action of γ
The R-symmetry twist γ acts on φz as
φz → eiυφz,
according to (2.11). It therefore acts on the quadratic differential as
bzz → e2iυbzz .
Note that e2iυ 6= 1 for all the values of υ listed in §2.1. It follows that a γ-invariant
point ofMH is possible only if bzz = 0. Thus, the only fixed points of γ occur over the
singular fiber of the Hitchin fibration. This conclusion holds for any of the values of n
and υ from §2.3.
Restricting to the singular fiber over bzz = 0, the γ-invariant subspace is the disjoint
union µ−1(0) ∪ µ−1(π
2
), i.e., the union of the moduli space of flat connections Mfc and
solutions with an abelian gauge field (cz = 0), which is a copy of C2 (see the notation
at the end of §6.5.2). To see this, note that φz = 0 is obviously γ-invariant. This gives
µ−1(0). For nonzero φz of the form (6.7) we have
eiυφz =
(
e
1
2
iυ 0
0 e−
1
2
iυ
)
φz
(
e
1
2
iυ 0
0 e−
1
2
iυ
)−1
.
This gauge transformation, however, doesn’t preserve cz, and only cz = 0 solutions,
i.e., those in µ−1(π
2
) are γ-invariant.
6.5.5 S-duality
As shown in [6], the coupling constant of the four-dimensional gauge theory determines
the Ka¨hler structure of MH upon compactification on Ch, which is also the Ka¨hler
structure of each fiber. S-duality in four dimensions therefore becomes the fiberwise
T-duality of the two-dimensional σ-model.
We need to understand the action of SL(2,Z)-duality on the A-model operators,
i.e., on the de Rham cohomology ofMH . In this subsection we may assume that the σ-
model is formulated on R2. In principle, the action of S-duality on a generic fiber of the
Hitchin fibration is tractable, as it reduces to T-duality on the T 6h−6 fiber. However,
it is not so clear how to track this action to the singular fiber, which is what we need.
We will thus employ a few indirect arguments. We will also restrict ourselves to the
case h = 2 and only the S-duality element τ → −1/τ. We will thus keep denoting it by
S but restrict to υ = π/2.
In this section it will be more convenient to work with the cohomology H∗(MH)
with noncompact support, rather than the cohomology of forms with compact support
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H∗cpt(MH). Since the fibers of the Hitchin fibration are compact, the distinction between
compact and noncompact cohomology only depends on the behavior of the forms as
a function of the base point. S-duality preserves the base point, and in a sense acts
classically on the base. We lose no information by working with noncompact forms.
We can then use the following facts:
(i) S2 acts as charge conjugation on the gauge theory. For SU(n) gauge group charge
conjugation acts on the gauge field as A→ −At and on the Higgs field as φz → φtz,
where (· · · )t is the transpose operation. Combining S with the R-symmetry twist
γ from (2.11) (with υ = π/2) we find that (Sγ)2 acts as:
(Sγ)2 : A→ −At , φz → −φtz.
For su(n) with n > 2 the automorphism x→ −xt is outer, but for su(2) it is an
inner automorphism, as −xt = σ−12 xσ2 where σ2 =
(
0 −i
i 0
)
∈ SU(2). Thus, for
an SU(2) gauge group, (Sγ)2 is equivalent to a gauge transformation and acts as
the identity on the A-model operators. It follows that the eigenvalues of Sγ are
±1.
(ii) Both S and γ commute with the mapping class group Sp(2h,Z) of Ch. The map-
ping class group Sp(2h,Z) acts nontrivially on the cohomology ofMH . The action
of Sp(2h,Z) is generated by operations that can be described as follows. Suppose
we cut Ch along a one-cycle (which we identify with S1) and glue it back with
a rotation by an angle θ (a Dehn twist), understood as part of a holomorphic
transformation in a local neighborhood of the cut. This defines a new complex
structure on Ch, and as we let θ vary continuously from 0 to 2π we get a loop
in the moduli space of complex structure of Ch. As we traverse the loop, we can
follow what happens to an integral cohomology class of MH , and after the loop
is completed we generally find that it is not back to itself. In this way we get a
nontrivial action on H∗(MH). We can therefore decompose H∗(MH) into irre-
ducible representations of Sp(2h,Z), and Sγ has to act as either the identity or
multiplication by (−1) in each irreducible subspace. (If an irreducible represen-
tation of Sp(2h,Z) appears in the decomposition of H∗(MH) with multiplicity
higher then 1, then Sγ can mix these subspaces, but we can always diagonalize
it in the direct sum of these subspaces and the eigenvalues will be ±1.)
(iii) The A-model is independent of the complex structure of the target space al-
together, and only the Ka¨hler class is important. Thus, Sγ is invariant under
complex conjugation.
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(iv) Some of the operators of the A-model are directly related to the topological
operator O = ∫ F ∧ F of N = 4 SYM. At the selfdual point τ = i it is not
hard to check that S-duality acts as O → −O (a small θ-angle is mapped to
its negative). In order to understand to which operators of the σ-model this
observation is relevant, recall [37] that a local operator O(0) of the A-model has
a nonlocal descendant O(2) that can be expressed as an integral over all space
R2. Let O(0) be the operator associated with the cohomology class in H2(MH)
that descends from α ∈ H2(Mfc) (discussed in §6.5.3). (Note that O(0) does not
correspond to a compactly supported class, since we haven’t multiplied it yet by
the 6-form δ(bzz), but this is unnecessary for the purposes of understanding the
action of S-duality.) Since α was defined in terms of the second Chern class c2, by
definition O(2) is proportional to ∫ F ∧ F on the entire space. We conclude that
Sγ acts as (−1) on α. Applying a similar argument to the βj’s in H3(Mfc) and
γ ∈ H4(Mfc) runs into minor difficulties, since the physical F ∧ F can only be
reduced to a 2-form on R2 (by integration on Ch), and, geometrically, the σ-model
induced map can only turn βj and γ into 3-forms and 4-forms respectively. But
the A-model descendent O(2) that corresponds to, say, γ is an integral of a 2-form
on R2 and contains two fermionic fields of the A-model.
(v) Once we have Sγ(α) = −α we can use the cohomology product to obtain
Sγ(α2) = α2 and Sγ(α3) = −α3. Here it is crucial to work in cohomology with
noncompact support, since the product is known to be trivial for the cohomology
with compact support H∗cpt(MH) [55]. As for the cohomology with noncompact
support, α is a 2-form, which must therefore be proportional to the Ka¨hler class
of MH (in complex structure I), since H2(MH) is 1-dimensional. Therefore α2
and α3 are a nonzero 4-form and 6-form, respectively.
(vi) We can gather extra clues from the assumption that S-duality acts as a simple
T-duality on the generic T 6 fiber of the Hitchin fibration [6]. We have seen in §4.4
that T-duality acts as multiplication by ip+q on the operators of the A-model that
correspond to elements in the H(p,q) of Dolbeault cohomology. This was shown for
T 2, but the result clearly generalizes to T 6. This operation does not square to the
identity, but recall from §6.5.4 that the R-symmetry twist γ acts nontrivially on
the base of the Hitchin fibration: bzz → −bzz . Thus, when discussing the action
of Sγ on a generic fiber, we have to consider both the fiber at bzz and the fiber at
−bzz simultaneously. Let F be the fiber over bzz and F ′ be the fiber over −bzz.
Since bzz and −bzz have the same zeroes over C2, it follows (by definition of the
fibers as the moduli space of flat connections over a Riemann surface that is the
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double cover of C2 branched over the zeroes of bzz) that F and F ′ are naturally
isomorphic. Sγ interchanges F and F ′, and takes the block-form:(
0 ip+q
(−i)p+q 0
)
, (6.12)
where the first block of columns or rows refers to the H(p,q)(F ) and the second
block refers to H(p,q)(F ′). We have replaced ip+q with (−i)p+q in the second block
so as to keep (Sγ)2 = 1. What can we learn from this about the action of Sγ
on MH? The inclusion maps ı : F →֒ MH and ı′ : F ′ →֒ MH induce maps
on cohomology ı∗ : H∗(MH) → H∗(F ) and ı′∗ : H∗(MH) → H∗(F ′). And Sγ
commutes with these maps, in the sense that ı
′∗◦(Sγ) = (Sγ)◦ı∗.We can identify
H∗(F ) ≃ H∗(F ′) and write ı∗ ◦ (Sγ) = (Sγ) ◦ ı∗. Thus, if λ ∈ H(p,q)(MH) we
get ı∗Sγ(λ) = (−i)p+qı∗(λ). This doesn’t uniquely determine Sγ(λ) since ı∗ might
not be injective, but it gives us partial information. For example, ı∗ is injective on
H(1,1)(MH) since it maps the Ka¨hler class ofMH (in complex structure I) to the
Ka¨hler class of F. So, we again recover the result that Sγ acts as (−i)p+q = −1
on the 2-form α.
To summarize, at this point we have the following information for h = 2:
• On the 1-dimensional H0(MH) (or H6cpt(MH)) Sγ acts as +1;
• On the 1-dimensional H2(MH) (or H8cpt(MH)) Sγ acts as −1;
• On the 4-dimensional H3(MH) (or H9cpt(MH)) Sγ has either 4 eigenvalues of −1
or 4 eigenvalues of +1.
• On the 2-dimensional H4(MH) (or H10cpt(MH)) Sγ has one eigenvalue +1 and
the other eigenvalue is either +1 or −1.
• On the 4-dimensional H5(MH) (or H11cpt(MH)) Sγ has either 4 eigenvalues of −1
or 4 eigenvalues of +1.
• On the 2-dimensional H6(MH) (or H12cpt(MH)) Sγ has one eigenvalue −1 and
the other eigenvalue is either +1 or −1.
Thus, we know the action of Sγ up to four undetermined (±) signs.
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6.6 Effect of fluxes: sharpening the conjecture
We still need to explain which gauge bundle to take for our conjectured low-energy
Chern–Simons theory, i.e., what is the three-dimensional magnetic flux. To answer
this question we will now consider the effect of electric and magnetic fluxes of the
four-dimensional theory on the two-dimensional σ-model. This will lead us to a sharp-
ened version of our conjecture. The reader who is not interested in the details, but
nonetheless trusts the authors, is advised at this point to skip to the last sentence of
this subsection.
Let us first consider the case with τ = i and s = s′. We saw in §3.5 that in this
case, among the Hilbert spaces He,m—each associated with a choice of electric and
magnetic fluxes e and m—the only ones that are invariant under the S-duality action
of s′ are those with e = m. We will therefore focus our attention on these subspaces.
Since the four-dimensional theory is defined on the space X = S1R×Ch×S1T , where
the first S1 is regarded as Euclidean time, we can decompose the fluxes further in the
following way [21]:
e = e0 + e1 ∈ Z2 ⊕H1(Ch,Z) , (6.13)
m = m0 +m1 ∈ Z2 ⊕H1(Ch,Z) . (6.14)
Roughly speaking, e0 and e1 are electric fluxes along S
1
T and a one-cycle of Ch, respec-
tively, and m0 and m1 are magnetic fluxes through Ch and a two-cycle consisting of S1R
and a one-cycle of Ch.
As we reviewed in the previous section, we need nonzero m0 in order to have a
smooth moduli spaceMH . Therefore, we also choose nonzero e0 to have an s′-invariant
Hilbert space. After compactifying on Ch, nonzero e0 implies, according to [21], the
presence of a flat B-field in the sigma model.
This leaves us the freedom of choice of e1 = m1. To interpret these in the two-
dimensional terms, we need to distinguish between the moduli spaces MH(Ch, G) for
different gauge groups G = SU(2) and G = SO(3). The moduli space for SU(2) was
briefly described in §6.5. It is also shown in [50] that the space is simply connected.
On the other hand, it possesses a geometric symmetry group H1(Ch,Z2) (which acts by
changing the holonomies around the one-cycles by elements of Z2), and upon dividing
the space by this symmetry, we get the moduli space for SO(3), whose fundamental
group is H1(Ch,Z2).
It is now clear that states of the σ-model with target space MH(SU(2)) will carry
conserved momenta corresponding to the symmetry group H1(Ch,Z2), while strings
of the sigma model with target space MH(SO(3)) will carry winding numbers valued
in its fundamental group H1(Ch,Z2). The quantities e1 and m1 signify the conserved
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momentum and winding number of the respective σ-models, and the fact that they
are exchanged under the T-duality is another manifestation of the fact that S-duality
of four-dimensional gauge theory reduces to T-duality of the two-dimensional σ-model
upon compactification [6, 21]. Furthermore, it is shown in [56] that the two moduli
spaces MH(SU(2)) and MH(SO(3)) are indeed mirror pairs.
It is equally clear, however, that we cannot have nonzero e1 and m1 at the same
time in the two-dimensional sigma model; they simply correspond to strings living in
two different target spaces. The only way to achieve e1 = m1 is to set them both to
zero. States with e1 = 0 in the σ-model with target space MH(SU(2)) are invariant
under the action of the symmetry group H1(Ch,Z2), so they descend to well-defined
states after dividing the moduli space by the symmetry group to make the target space
MH(SO(3)). On the other hand, strings moving in MH(SO(3)) with zero winding
numbers can be lifted to strings moving in the covering spaceMH(SU(2)). 6 Therefore,
the condition e1 = m1 = 0 is consistent.
These considerations lead us to the following formulation of our conjecture. We
start with a four-dimensional gauge theory on X = S1R×Ch×S1T , with S-duality and R-
symmetry twists inserted at a point of S1R. If we focus on the sector with e0 =m0 = 1
and e1 = m1 = 0, then in the limit of small Ch (limit (ii) of §6.4), where the theory
becomes a σ-model with target spaceMH(SO(3)), we end up with the sector with zero
winding number of the σ-model. S-duality becomes T-duality of the σ-model, which
sends the states with m1 = 0 to states with e1 = 0 of the σ-model whose target space
is now the universal cover MH(SU(2)). But states with e1 = 0 are precisely those
that can be interpreted as states of the σ-model with target space MH(SO(3)), as
explained in the previous paragraph, and hence the action of T-duality is well-defined
in this sector.
On the other hand, in the limit where S1R shrinks to a point (limit (i) of §6.4), we
conjecture that the theory becomes a Chern–Simons theory onM3 = Ch×S1T . Therefore,
the partition function of Chern–Simons theory will calculate the trace of the T-duality
times an R-symmetry operator on the Hilbert space of the σ-model. Now, the SO(3)-
bundles on M3 are classified according to their “magnetic fluxes” m ∈ H2(M3,Z2),
which decomposes as m = m0+m1 in exactly same way as (6.14). Hence the partition
6In fact, a string in MH(SO(3)) can be lifted to many copies of strings in MH(SU(2)), related
to each other by the action of the symmetry group. The precise statement here is that a state of
zero winding number of the σ-model with target space MH(SO(3)) will lift to a unique state of the
σ-model with target space MH(SU(2)) with zero momentum (i.e., invariant under the action of the
symmetry group).
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function can be written as
Z =
∑
m0,m1
Zm0,m1 .
Comparing the two descriptions in different limits, it is natural to conclude that
I1,0 = Z1,0 ,
where I1,0 is the index, defined in (6.5), of the σ-model with target space MH(SO(3))
restricted to the zero winding number sector, and Z1,0 is the contribution to the Chern–
Simons theory partition function from bundles with m0 = 1 and m1 = 0. This is the
sharpened version of our conjecture.
For the other two cases where τ = eπi/3 and s = ±s′′, we saw in §3.5 that s-
invariance of the Hilbert space He,m forces us to choose e = m = 0. This means that
the target space of the σ-model that we get upon compactification on Ch is a singular
one. We could avoid dealing with singular target space by inserting Wilson/’t Hooft
operators as discussed at the end of §3.5. In the opposite limit, we would then have
to calculate the expectation values of these line operators in the Chern–Simons theory,
instead of its partition function. We leave these possibilities for a future work, and
concentrate on τ = i and s = s′ case for now.
6.7 Testing the conjecture
We are now ready to compare the two limits of counting vacua. In limit (i) Ch is large
and we first reduce on S1R. By the conjecture of §6.1 the result is Chern–Simons theory
at level k. There are no low-energy fields left that carry R-charge, so the twist γ has
no effect. The partition function is simply dh(n, k,m0) — the dimension of the Hilbert
space of SU(n) Chern–Simons theory at level k on Ch with the magnetic flux specified
by m0. For SU(2) with one unit of magnetic flux m0 = 1, genus h = 2, and level
k = 2 (corresponding to S-duality τ → −1/τ and τ = i) we get d2(2, 2, 1) = 6 (see
Appendix A for details).
In limit (ii), Ch is small and we first reduce on it to obtain a supersymmetric σ-
model with Hitchin’s space MH as the target space. We then compactify that on S1R
with a T-duality twist and an R-symmetry twist γ. The latter acts only on the Higgs
fields φz, φz in (6.6). We need the (absolute value of the) supertrace of Sγ on the
Hilbert space of the A-model compactified on S1 (i.e., S1T ). For this, we need to know
the action of Sγ on the A-model states, which are in one-to-one correspondence with
the cohomology ofMH with compact support. As reviewed in §6.5,MH has a fibration
structure with the base B being the moduli space of gauge-invariant polynomials in
φz. The twist γ acts on that space, and by our restrictions on the rank n and the
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discussion in §2.3 we may assume that the only fixed point of γ in B is the origin of
the Hitchin fibration where bzz = tr(φ
2
z) = 0 (see the discussion above in §6.5.4 for
more details). This leaves the singular fiber, which is compact, and so the partition
function is well defined. This is the reason why we restrict to the cohomology with
compact support. In fact, we may just as well restrict to elements of cohomology that
are supported on the singular fiber. Now we can collect the information from §6.5.5
and attempt to reproduce in limit (ii) the number 6 that we got in limit (i). We have to
calculate the alternating sum of traces of Sγ in the subspaces H i(MH). Unfortunately,
there are several signs that we did not determine in §6.5.5, and so our conjecture that
the sum is 6 cannot be tested at this point. However, it is easy to see that there are
several ways to choose the undetermined signs so as to reproduce the required result 6,
so at this point our conjecture cannot be ruled out either. In principle, given the exact
expressions for the representatives of the cohomology ofMH, it is possible to calculate
the action of S on them using the general framework of [57, 58, 59], but this is beyond
the scope of this paper.
6.8 A six-dimensional perspective
We will now briefly comment on some aspects of our construction that can be under-
stood better in terms of the (2, 0)-theory. We mentioned the six-dimensional realization
of our setting, in terms of the (2, 0)-theory compactified on T 2, in (2.4)-(2.5). The iden-
tification (2.4) takes care of the SL(2,Z)-twist, but the R-symmetry twist needs to be
added as well. The R-symmetry group of the (2, 0)-theory is Sp(4) [the double cover
of SO(5)]. While the N = 6 R-symmetry twist (2.11) cannot be embedded in Sp(4),
the N = 4 twist (2.12) can be, if eiϕ4 = ±e− 12 iυ.
The lift to six-dimensions introduces a new dimensionful parameter — the area A
of T 2, which has to be taken to zero before all other limits (small R or small Ch) are
taken. So far we considered two different limits: one in which the size of Ch is large
compared to the size R of S1, and the other in which S1 is large compared to Ch. We
now find yet another possibly interesting limit to consider. In this limit we take the
scale
√A of T 2 to be much larger than R. In the limit R ≪ √A it is more useful to
think about the space given by (2.4) as a circle fibration over an orbifold of T 2/Zq given
by z ∼ eiυz (q = 4, 6, or 3, according to whether υ = π
2
, π
3
, or υ = 4π
3
). The radius of
the S1 fiber is Rq and the structure group is Zq. The base T
2/Zq has several orbifold
points, which are solutions of z = eiυz + n+mτ for some n,m ∈ Z:
• For q = 4 (and τ = i) there are 3 fixed points: z = 0 and z = (1+ i)/2 both with
monodromy Z4, and z =
1
2
with monodromy Z2 (since z =
1
2
is not fixed by the
rotation z → eiυz but is fixed by z → e2iυz).
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• For q = 6 (and τ = epii3 ) there are 3 inequivalent fixed points: z = 0 with
monodromy Z6, z =
1
2
+ i
2
√
3
with monodromy Z3, and z =
1
2
with monodromy
Z2.
• For q = 3 (and τ = epii3 ) there are 3 inequivalent fixed points: z = 0, z = 1
2
+ i
2
√
3
and z = i√
3
, all with monodromy Z3.
The effective description as R → 0 is weakly coupled 4+1D N = 2 SYM, with
coupling constant g2YM = 8π
2Rq, on R2,1 × (T 2/Zq). The only complication arises from
the fixed points of Zq listed above. To understand the behavior of the theory near
each fixed point we can replace T 2 with R2. We are thus led to study the following
question: what is the effective low-energy description of the (2, 0)-theory formulated
on R2,1 × [(C × S1)/Zq] where [(C × S1)/Zq] is the orbifold of C × S1 (parameterized
by (z, x3) with 0 ≤ x3 < 2πRq) by Zq that is generated by (the freely acting) (z, x3) 7→
(e2πiqz, x3+2πR)? We can also add an R-symmetry transformation γ of order q to the
above action.
The requisite low-energy description should be formulated on R2,1 × (C/Zq) and
should be 4+1D N = 2 SYM away from the origin of C. The question is what are the
extra (2+1D) modes that are localized at the origin. This setting is reminiscent of the
Melvin background, and D-branes in this background have been studied extensively
[60]. Furthermore, using the M-theory realization of the (2, 0)-theory as the low-energy
theory of M5-branes, and the relation between the geometry discussed above and the
M-theory lift of (p, q) 5-branes [61], one can relate the three-dimensional boundary
degrees of freedom at the singular point of C/Zq to the boundary degrees of freedom at
the intersection of D3-branes with (1, q) 5-branes, which were recently solved in [62][13].
Part of the answer is Chern–Simons theory at the fractional level k = 1/q [63]. This
can be argued by noting that the bulk action contains a term of the form 1
2πq
∫
F ∧ F
where the integral is over R2,1 × C and C ⊂ C/Zq is any open path from z = 0 to
z =∞. This term can be integrated to give a Chern–Simons term at level k = 1
q
at the
origin (minus a similar term at infinity). Thus Chern–Simons actions naturally arise
at this limit
√A ≫ R as well, although we have to note that the gauge field variables
in this limit do not have a direct relation to the gauge field variables in the opposite
limit R≫√A.
7. Discussion
We have put forward various arguments that suggest that a three-dimensional topolog-
ical structure underlies S-duality of N = 4 SYM. By “structure” we mean a (probably
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nonlocal) action S(V, V˜ ) that depends on two independent gauge field configurations
and their supersymmetric partners, but is independent of the metric or coupling con-
stant. Here V is the “original” gauge field configuration A together with the superpart-
ners, and V˜ is the “dual” gauge field configuration A˜ together with its superpartners.
In other words, we used the Fredholm kernel representation of an operator in four di-
mensions, to construct the action of a field theory in three dimensions. It is interesting
to wonder whether this setting is related to a more general framework put forward
recently in [64] whereby a wavefunction of a quantum field theory in d dimensions is
related to the action functional of another quantum field theory in one dimension less.7
We have also argued that, with appropriate modifications and restrictions, S(V, V˜ )
leads to a local topological field theory when we set V = V˜ . This field theory had a
direct, local description in terms of a twisted circle compactification. We conjectured
that it is a Chern–Simons theory.
In §6.4 we studied the Witten index of the supersymmetric compactification on a
Riemann surface Ch times an S1 with an R-twist and an SL(2,Z)-twist. We considered
two different limits: one in which the size of Ch is large compared to the size of S1,
and the other in which S1 is large compared to Ch. When Ch is large, we could use our
conjecture about the relation to Chern–Simons theory to calculate the number of vacua.
When Ch is small, we used the topological string theory on Hitchin’s space to calculate
the Witten index in the special case of SU(2) gauge group with an appropriate flux,
τ → −1/τ twist at τ = i, and genus h = 2. But we fell short of a full comparison,
because we did not determine several (±) signs in the action of S-duality. As we have
argued in §6.7, some sign assignments are consistent with our conjecture, and some are
not. It would obviously be interesting to establish these signs and also extend the tests
to higher genus, other gauge groups, and other SL(2,Z) elements.
It would also be interesting to understand in more detail the T-duality (mirror-
symmetry) twist and its relation to geometric quantization, as discussed in §4.4. The
general question here is what is the low-energy description of a σ-model that is selfdual
under mirror symmetry when compactified on S1 with a mirror symmetry twist. The
simple examples in §4.2 suggest that the answer is related to geometric quantization
of the target space. A more general problem can involve a twist by a combination
of mirror symmetry and a geometrical isometry γ. It is then interesting to explore
the relation between the 0+1D low-energy description (i.e., the low-energy Hilbert
space) and geometric quantization of the γ-invariant subspace of target space. In the
context of our setting of §6, the selfdual target space is Hitchin’s spaceMH associated
with Ch, and the low-energy 0+1D theory is Chern–Simons theory compactified on Ch,
7We wish to thank Petr Horˇava for suggesting this connection.
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which can be identified with geometric quantization ofMfc — the moduli space of flat
connections on Ch. However, Mfc is not quite the γ-invariant subspace of MH. In the
case we considered of gauge group SU(2), the γ-invariant subspace is actually a disjoint
union of Mfc and a copy of C2 (see §6.5.4 above).
Returning to the general case of a selfdual σ-model, the T-duality (mirror sym-
metry) twist treats differently the left and right moving modes of the σ-model. One
would therefore like to analyze separately the left and right moving CFTs with the
twist. One tool that might prove useful in this analysis is the recent construction of
Frenkel, Losev and Nekrasov [65], where the complex structure τ of N = 4 SYM is
treated independently from its complex conjugate τ , and the limit τ →∞ then reduces
the theory to a simpler topological theory. For other recent developments in geometric
quantization and its connection to topological string theory, see [66].
Even if our conjecture about the correspondence between Chern–Simons theory and
the low-energy limit of the S-duality and R-symmetry twisted S1 compactification of
N = 4 SYM turns out to be wrong, it would still perhaps be interesting to explore the
three-dimensional topological theory that the twisted compactification defines. There
are quite a few topological quantities that can be defined through this setting. For ex-
ample, we can study compactification on a Riemann surface with electric and magnetic
fluxes other than selfdual combinations listed in §3.5. The mismatch between the fluxes
of the original and the dual theories then needs to be corrected by inserting Wilson
and/or ’t Hooft line operators, as outlined at the end of §3.5. Even on R3, the twisted
N = 4 compactification also defines expectation values for knots, which we expect to
be topological, at least for the limited list of ranks and twists listed in §6.1. It would
perhaps be interesting to check if these knot invariants agree with those calculated
from Chern–Simons theory, or if they give rise to different knot invariants. For recent
developments on the connection between knot invariants and string theory, see [67, 68].
More generally, it would perhaps be interesting to study the partition function of the
twisted compactification on M3 × S1, where M3 is a general 3-manifold. It would also
be interesting to extend the discussion to selfdual theories with less supersymmetry. It
was recently shown that a Chern-Simons term in three-dimensions can be induced in
certain circle compactifactions of chiral four dimensional theories with a flavor symme-
try twist [69]. It would perhaps be interesting to generalize this to include a duality
twist.
In order to get a topological low-energy theory we had to restrict the rank of the
SU(n) gauge group to n ≤ 5 (see §6.1). For higher values of n (and even for lower
values, for some of the SL(2,Z) twists) we get scalar and spinor zero modes, and the low-
energy description is not topological. Nonetheless, we get in this way nontrivial three-
dimensional theories withN = 6 supersymmetry, and it would perhaps be interesting to
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explore their connection to the superconformal theories that were recently discovered in
connection with M2-branes at orbifold singularities and supersymmetrization of Chern–
Simons theory [70]-[75].
More ambitiously, we would like to gain new information about S-duality itself.
For this we need to understand the full topological structure of the S-duality kernel
S(V, V˜ ). One possible direction might be to start with the assumption (3.5) about the
expectation value of pairs of Wilson loops and attempt to reconstruct S(V, V˜ ) from
it. This can be done, in principle, on a lattice, but it would be perhaps interesting to
study if it has a meaningful continuum limit.
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A. Chern–Simons theory with magnetic flux
The dimension of the Hilbert space of SU(2) Chern–Simons theory at level k on a
Riemann surface of genus h is given by [49]:
dh(2, k) =
(
k
2
+ 1
)h−1 k∑
j=0
1
sin2(h−1)( j+1
k+2
)π
. (A.1)
This, by definition, has no magnetic flux. However, in this paper we need the dimension
of the Hilbert space of SU(2)/Z2 gauge configurations with one unit of magnetic flux
(m0 = 1 and m1 = 0 in the notation of §6.6). In this appendix we will outline the
calculation of this dimension, following [25][49]. We focus on the case of genus h = 2,
but it is easy to generalize to higher genus.
The dimension dh(2, k,m) is equal to the partition function on C2 × S1 with the
gauge bundle specified according to the magnetic fluxm. We refer to S1 as (Euclidean)
“time.” The partition function can be calculated by cutting the Riemann surface along
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Figure 2: The partition function of Chern–Simons theory on C2 times S1 (not shown) is
calculated as follows [25]: (i) the Riemann surface C2 is cut in three places along three circles;
(ii) a complete set of states (of the Hilbert space on T 2 which is the cut times the S1 that is not
shown) is inserted on the two sides of each cut, |l〉〈l|, |i〉〈i|, |j〉〈j|; (iii) the cuts are separated
to form two 3-holed spheres and the partition function is calculated using the fusion rules as∑
ijlNlliNijj.
three loops, as in Figure 2. Each cut has the topology of a torus S1 × S1, where the
second factor is time and the first factor is the appropriate loop that corresponds to one
of the three one-cycles along which we cut. Thus C2 is realized as two 3-holed spheres
glued appropriately along the holes. Next, for each cut (hole) we insert a complete set
of states |i〉〈i| of the Hilbert space of Chern–Simons theory on S1 × S1 and calculate
the partition function using the known expressions for the partition function of Chern–
Simons theory on a 3-holed sphere with boundary states |i1〉, |i2〉, |i3〉, i.e., the “fusion
rules” Ni1i2i3 . If we insert the complete sets of states |l〉〈l|, |i〉〈i|, |j〉〈j| in the left, middle,
and right cut, respectively (see Figure 2), then the partition function without magnetic
flux can be written as as
∑
ijlNlliNijj.
To introduce magnetic flux m0 = 1 we can insert a large gauge transformation
along one of the cuts, say the middle one, before gluing. The large gauge transformation
corresponds to a topologically nontrivial map S1 → SO(3) and if we denote its action
on the states by |i〉 7→∑p Λip|p〉 we get the partition function
d2(2, k,m0 = 1) =
∑
ipjl
NlliΛipNpjj.
To get explicit expressions we use the basis of states on T 2 ≃ S1×S1 introduced in [25].
The states are denoted by |l〉 with l = 0, . . . , k labeling a representation of spin l/2.
The state |l〉 can be realized by filling the first S1 factor to form a disc, then inserting
a closed Wilson line in the representation with spin l/2. If we assume that the Wilson
line runs in the time direction (the second S1 factor) and is located at, say, the origin
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of the disc then the fusion rules have a simple expression [76]:
Ni1i2i3 =
{
1 if |i2 − i1| ≤ i3 ≤ i1 + i2, and i1 + i2 + i3 ≤ 2k;
0 otherwise.
On the other hand, if we define the basis of states by filling the second (time direction)
S1 instead, and let the Wilson lines run parallel to the first S1 factor, we get a basis of
states |i′〉 on which the large gauge transformation is easy to describe (since it acts on
the Wilson line in a simple way):
Λi′p′ = δi′p′(−1)i′.
The unitary transformation from the basis {|j〉} to the basis {|j′〉} is given by [76]:
|j′〉 =
∑
j
Sj′j |j〉, Sj′j = sin (j + 1)(j
′ + 1)π
k + 2
.
Using this expression the partition function can be calculated as
d2(2, k,m0 = 1) =
∑
l
(−1)l
(∑
p
Slp
∑
j
Npjj
)2
.
For k = 2 we get d2(2, 2,m0 = 1) = 6. This agrees with the result of [77].
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